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Abstract
Pressurised water supply systems are infrastructures that offer a potential for energy recovery
in locations where these systems operate with an excessive pressure. The integration of micro
hydropower plants for energy recovery is a challenge, as these systems feature a signiﬁcant
daily discharge variation, which limits the domain of operation of these power plants.
Pumps running as turbines (PATs) are hydraulic machines suitable for this application, despite
facing two major issues. Firstly, PATs are characterised by a sharp efﬁciency decrease when
operating far from the best operating point. Secondly, the characteristic curves of the turbine
mode are not provided by pump manufacturers, which hinders the implementation of PAT
power plants.
The present thesis is based on the experimental investigation of the variable speed operation
of centrifugal pumps used as turbines aiming at optimising the energy recovered. A new
methodology is developed, ﬁrstly, to estimate the performance of the turbine mode (ﬂow rate,
speciﬁc energy, power and efﬁciency) and, secondly, to model the variable speed hill chart
performance of PATs. The research procedure includes the experimental investigation of the
characteristic curves of the PATs, the experimental investigation of the unstable phenomena
experienced by the PATs and, ﬁnally, the development of an empirical model for predicting
the PATs performance.
Firstly, the variable speed operation of PATs is experimentally investigated. Data are collected
for three single-stage end-suction centrifugal pumps with different unit speciﬁc speed values
to characterise the characteristic curves of the turbine mode and of the extended operation in
the generating mode. Measurements of the water temperature, the discharge, the pressure, the
torque and the rotational speed are performed to determine the hydraulic and the mechanical
performance of these PATs.
Secondly, the pressure ﬂuctuations developed during the part load and the full load operation
of PATs are investigated. Data collected include the pressure measurements in the high and
in the low pressure sections of the PAT and the high speed ﬂow visualisation in the PAT draft
tube. The spectral analysis of the pressure measurements and the image processing of the
ﬂow visualisation highlight the dynamics of a cavitation precessing vortex rope that develops
in the PAT draft tube.
Thirdly, a new empirical model is developed to estimate the hydraulic and mechanical charac-
teristic curve of PATs and to model the variable speed hill chart performance of the PAT. The
methodology is based on the Hermite polynomial chaos expansion (PCE), which propagates
the known characteristic curves obtained during the experimental tests, providing a continu-
ix
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ous surrogate function for predicting the characteristic curves of a given PAT, inside the range
of unit speciﬁc speed values tested. The PCE is, afterwards, applied for modelling the variable
speed hill chart performance of the PAT.
Obtained results provide an insight on the variable speed operation of PATs with respect
to the turbine mode, the extended operation in the generating mode, the possibility of the
development of pressure ﬂuctuation instabilities and, ﬁnally, the modelling of the variable
speed hill chart performance for a given PAT. The hill chart model is described by a continuous
polynomial function, which can be used to optimise the design and the operation of PAT micro
hydropower plants, aiming at maximising the energy recovered and at avoiding potential
instabilities caused by the part load and the full load operation.
Keywords: Pumps running as turbines, variable speed operation, water supply systems,
hydropower, performance prediction, hill chart modelling.
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Résumé
Les réseaux de distribution d’eau sont des infrastructures qui offrent un potentiel de récu-
pération d’énergie dans le cas où les conduites sont sous haute pression. L’intégration des
microcentrales hydroélectriques dans ces réseaux pour récupérer l’énergie constitue un déﬁ,
car ils sont caractérisés par un débit variable et ce qui limite le domaine de fonctionnement
de ces microcentrales.
Les pompes utilisées comme des turbines (PATs) sont des machines hydrauliques adaptées
pour cette application, cependant elles doivent faire face à deux problèmes. Premièrement,
les PATs sont caractérisées par une brusque baisse de rendement dans les modes de fonction-
nement qui s’éloignent du rendement optimal. Deuxièmement, les courbes caractéristiques
du fonctionnement en turbine ne sont pas fournies par les fabricants des pompes et ce qui
fait obstacle à leur mise en œuvre.
La présente thèse s’appuie sur l’étude expérimentale du fonctionnement à vitesse variable des
pompes centrifuges utilisées comme des turbines avec l’objectif d’optimiser l’énergie récu-
pérée. Une méthodologie est développée d’une part pour estimer les performances du fonc-
tionnement en turbine (le débit, l’énergie spéciﬁque, la puissance et le rendement) et d’autre
part pour la modélisation du fonctionnement à vitesse variable des PATs. La démarche suivie
comprend l’étude expérimentale des courbes caractéristiques des PATs, l’étude expérimentale
des phénomènes instables auxquelles sont soumises les PAT et, enﬁn, le développement d’une
méthode de modélisation empirique permettant de prédire son fonctionnement.
Premièrement, le fonctionnement à vitesse variable des PATs est étudié expérimentalement.
Les données sont collectées pour trois pompes centrifuges à un étage et à aspiration axiale
avec différentes valeurs de vitesse spéciﬁque pour caractériser les courbes caractéristiques
du fonctionnement en turbine et son extension. Les mesures de la température de l’eau, du
débit, de la pression, du couple et de la vitesse de rotation sont effectuées pour déterminer les
performances hydrauliques et mécaniques de ces PATs.
Deuxièmement, les ﬂuctuations de pression qui se développent pendant le fonctionnement
en turbine à charge partielle ou à forte charge sont étudiées. L’étude expérimentale inclut des
mesures de pression dans les sections à haute et basse pression et l’acquisition d’images à
haute vitesse dans la section à basse pression. L’analyse spectrale des mesures de pression et
les traitements d’images mettent en lumière la dynamique d’un vortex de cavitation animé
d’un mouvement de précession qui se développe dans la section à basse pression de la PAT.
Troisièmement, le développement d’un modèle empirique est réalisé pour estimer les courbes
caractéristiques des PATs et modéliser la colline de rendements à vitesse variable de la PAT.
xi
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La méthodologie est basée sur la méthode du chaos polynomial, qui propage les courbes ca-
ractéristiques connues, obtenues lors d’essais expérimentaux, fournissant ainsi une fonction
d’interpolation continue pour les prédire les courbes caractéristiques hydrauliques et méca-
niques de la PAT, dans l’intervalle des valeurs de vitesse spéciﬁques testées. Cette méthode du
chaos polynomial est également appliquée pour modéliser la colline de rendement de la PAT
fonctionnant à vitesse variable.
Les résultats obtenus donnent un aperçu du fonctionnement à vitesse variable des PATs
en ce qui concerne les performances en mode turbine et son extension, l’éventualité du
développement d’instabilités et, enﬁn, la modélisation de la colline des rendements de la
PAT. La modélisation du fonctionnement à vitesse variable fournit une fonction polynomiale
continue, qui peut être utilisée pour optimiser la conception et le fonctionnement de la
microcentrale hydroélectrique avec l’objectif demaximiser la récupération d’énergie et d’éviter
les instabilités éventuelles causées par les fonctionnements à charge partielle et à forte charge.
Mots-clés : pompes utilisées comme des turbines, vitesse variable, réseaux de distribution
d’eau, hydroélectricité, prédiction de performances, modéliser la colline des rendements.
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Resumo
Os sistemas de abastecimento de água são infraestruturas que oferecem um potencial para
recuperação de energia nos locais onde as suas condutas operam com um excesso de pressão.
A integração de micro centrais hidroelétricas para recuperação de energia nos sistemas de
abastecimento de água é um desaﬁo, uma vez que estas infraestruturas são caracterizadas por
um caudal variável, o que limita o domínio de operação destas micro centrais hidroelétricas.
As bombas a funcionar como turbinas (PATs) são máquinas hidráulicas apropriadas para esta
aplicação. No entanto, a sua utilização para este ﬁm apresenta dois desaﬁos. Em primeiro
lugar, as PATs são caracterizadas por uma queda de rendimento acentuada quando estas
operam longe do ponto de melhor eﬁciência. Em segundo lugar, as curvas características
do funcionamento no modo de turbina não são fornecidas pelos fabricantes das bombas,
diﬁcultando o dimensionamento das micro centrais hidroelétricas.
A presente tese é baseada na investigação experimental de bombas centrífugas a funcionar
como turbina com velocidade variável com o objetivo de otimizar a energia recuperada. É
desenvolvida uma nova metodologia que permite não só prever as curvas características
da operação em modo de turbina (caudal, energia especíﬁca, potência e eﬁciência), como
também modelar a operação das PATs com velocidade variável. A metodologia seguida
inclui a investigação experimental da operação das PATs com velocidade variável em regime
estacionário, a investigação experimental de fenómenos de instabilidade a que as PATs estão
sujeitas quando operam longe do ponto de melhor eﬁciência e, ﬁnalmente, o desenvolvimento
de um método de modelação empírica para prever as curvas características em modo de
turbina e modelar a colina de rendimentos da operação com velocidade variável em modo
turbina.
Em primeiro lugar, a operação com velocidade variável é investigada experimentalmente.
São testadas experimentalmente três bombas centrífugas de um andar e aspiração axial com
diferentes valores de velocidade especíﬁca para determinar as suas curvas características em
modo de turbina e nos quatro quadrantes de operação. São efetuadas medições de caudal,
de pressão, da temperatura da água, do binário no eixo e da velocidade de rotação para
caracterizar o desempenho hidráulico e mecânico das três PATs.
Em segundo lugar, as ﬂutuações de pressão que se desenvolvem quando as PATs operam com
carga parcial e em plena carga são investigadas. A investigação experimental inclui medições
de pressão nas secções de alta e de baixa pressão da PAT e a visualização do escoamento
na secção de baixa pressão da bomba através da aquisição de imagens a alta velocidade. A
análise espectral das medições de pressão e o processamento das imagens adquiridas revela a
xiii
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dinâmica de um vórtice de cavitação com um movimento de precessão que se desenvolve na
secção de baixa pressão da PAT durante a operação em carga parcial.
Em terceiro lugar, é desenvolvido uma metodologia para estimar as curvas características
do funcionamento das PATs e para modelar as suas colinas de rendimento da operação com
velocidade variável destas máquinas no modo de turbina. A metodologia é baseada na teoria
do caos polinomial que propaga as curvas características obtidos nos ensaios experimen-
tais, disponibilizando uma função empírica contínua para prever as curvas características
hidráulicas e mecânicas do funcionamento das PATs, dentro do intervalo de valores da ve-
locidade especíﬁca das bombas testadas experimentalmente. A teoria do caos polinomial
também é aplicada para modelar o diagrama em colina da bomba funcionar como turbina
com velocidade varável.
Os resultados obtidos nesta tese fornecem um novo conhecimento da operação das PATs em
relação ao seu desempenho em modo de turbina e da operação nos quatro quadrantes, à
possibilidade de desenvolvimento de instabilidade e, ﬁnalmente, à modelação da colina de
rendimento da operação com velocidade variável em modo turbina. A modelação desta colina
de rendimento através da teoria do caos polinomial fornece uma função contínua que pode
ser utilizada para otimizar a conceção e a operação de micro centrais hidroelétricas com o
objetivo de maximizar a recuperação de energia e evitar as possíveis instabilidades causadas
pela operação das PATs em carga parcial e em plena carga.
Palavras chave: Bombas a funcionar como turbina, velocidade variável, sistemas de abasteci-
mento de água, energia hidroelétrica, previsão curvas características, modelação da colina de
rendimentos.
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1 Introduction
1.1 Research context
Documents, such as the as the Directive 2009/28/EC [1] with the 20/20/20 objectives or the
World energy issues monitor report [2], point innovation in renewables energies and energy
efﬁciency improvement as priority actions for the future. Energy recovery from existing
water supply systems (WSS) targets both objectives, as it: (i) increases the infrastructures
energy efﬁciency, by exploiting locally available resources [3]; and (ii) simultaneously leads to
energy savings and increased revenue for the water utility during the infrastructure lifetime by
producing renewable hydroelectric energy [4]. The integration of micro hydropower plants in
WSS requires fewer construction works and has lower environmental impacts compared to
conventional power plants [5], as the installation of these power plants only require minimum
adaptation works in the existing infrastructure.
There are several water infrastructures where the recovery of the excess energy is possible,
namely in: (i) pressurised drinking water systems [6]; (ii) wastewater systems [7]; (iii) irrigation
networks [8]; (iv) runoff collection schemes [9]; desalination plants [10]; (v) district heating
[11]; and (vi) cooling systems of deep mines [12]. This thesis work targets the challenges
arising from recovering energy in pressurised drinking water systems.
Pressurised water supply systems are frequently operated with excess pressure, leading water
utilities to implement pressure management strategies, aiming at reducing water leakage,
at decreasing pipe ruptures and at improving the level of service [13]. Most pressure man-
agement strategies consist of the installation of pressure reduction or ﬂow control devices,
which dissipate the excess pressure by creating a local energy loss. Thus, the opportunity
arises for the substitution of the aforementioned devices by micro hydropower plants, which
simultaneously reduce the excess pressure in the water infrastructures while recovering energy.
The installation of these power plants for energy recovery must comply with the water utilities
main objective [14], which is to supply drinking water to consumers with adequate pressure
and in sufﬁcient quantity in both normal operation and emergency situations.
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Pumps running as turbines (PATs1.) are pointed as cost-effective solutions for equipping power
plants in WSS, where the installation of conventional hydropower units is usually unaffordable
[15]. This is mainly motivated by the small available hydraulic power for recovery, which is
generally in the order of magnitude of kilowatts. PATs are industrially made pumps, in which
the ﬂow is reversed through the machine. Consequently, instead of converting mechanical
shaft power into hydraulic power of the ﬂuid (normal pump operation), the PAT uses the
excess energy in the ﬂuid and converts it into mechanical shaft power, which is then used to
drive a generator for electric energy production.
PATs are not speciﬁcally designed and engineered for energy production and, therefore, two
main challenges need to be addressed [16]: (i) the difﬁculty in accurately predicting the
turbine mode characteristic curves of the pump, as this information is usually not provided by
pump manufacturers; and (ii) the improvement of the low efﬁciency when the PAT operates
far from the best operating point, which is caused by the absence of an inlet ﬂow control
component (e.g., guide vanes of a Francis turbine). The latter challenge is especially relevant,
as WSS are characterised by a daily discharge variation driven by the consumer’s demand. The
variable speed operation of PATs is suggested as an operating strategy suitable for controlling
the discharge at the PAT inlet, resulting in a higher operating efﬁciency of the PAT micro
hydropower plant [17]. However, this PAT variable speed control for energy recovery in WSS
still requires further investigation.
In this context, the current research work addresses both the PAT characteristic curves predic-
tion and the use of variable speed operation for increasing the PAT efﬁciency when operating
under variable discharge conditions. The following Section 1.2 aims at: (i) summarising the
main opportunities and challenges for energy recovery in pressurised drinking WSS (see Sec-
tion 1.2.1); (ii) reviewing the research literature about PATs, which focuses on the turbine mode
characteristic curves prediction and on the operating strategies for maximising the efﬁciency
under the variable discharge (see Section 1.2.2); and (iii) identifying the gaps of knowledge
which ground the research motivation of this thesis (see Section 1.2.3).
1.2 Literature review
1.2.1 Water supply systems
Pressurised drinking water supply systems may be divided into two sub-systems: trunk mains
and water distribution networks. The characteristics of each system, both concerning the
processes of water supply and of energy recovery, are distinct. Independently of the sub-
system, the potential locations for energy recovery are deﬁned as the sites where the ﬂow is
conveyed with an excessive pressure, not required for the effective downstream water supply.
The quantiﬁcation of the available potential for energy recovery is one of the main challenges
1For notation simplicity: (i) PAT refer to the single version of the acronym − pump running as turbine; (ii) PATs
refer to the plural version of the acronym − pumps running as turbines
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for the correct assessment of hydropower availability in a WSS. Examples of methodologies for
screening and assessing the potential for energy recovery at a planning stage can be found
in [18, 19]. Statistics of energy recovery potential in WSS in different regions made available
in the literature are presented in Table 1.1. Despite smaller, if compared to conventional
hydropower plants, the statistic values presented in Table 1.1 show a signiﬁcant untapped
potential for energy recovery in WSS.
Table 1.1 – Potential for energy recovery found in literature.
Reference Location Potential power (MW) or energy (GWh/year)
Choulot et al. [14] Switzerland 20 MW
Gallagher et al. [19] Wales and Ireland 18 GWh/year
Zakkour et al. [20] United Kingdom 17 MW
Loots et al. [21] Tshwane, South Africa 10 GWh/year
Sofﬁa et al. [22] Piemont, Italy 21 MW to 31 MW
The following sections describe in detail the characteristics and the opportunities for energy
recovery in trunk mains and in water distribution networks.
Trunk mains
Trunk mains feature large diameter pipe systems (typically higher than 0.3 m) used for con-
veying bulk (or treated) water between pond reservoirs and water treatment plants (WTP),
between WTP and service tanks, or between service tanks. Usually, a trunk main does not
have service connections to the consumers [23]. Trunk mains convey water by means of
gravity or pumping systems. Only the gravity-fed pipes are suitable for energy recovery, as
pumping systems are designed for minimum energy consumption. An example of a trunk
main system is shown in Figure 1.1. This trunk main system comprises two WTP, which supply
multiple delivery points and service tanks using both pumping and gravity-fed pipes. Each
gravity-fed trunk main supplies several service tanks. Thus, the difference of the elevation
of the longitudinal pipeline proﬁle and the service tanks water free surface level may create
favourable conditions for energy recovery.
Locations for energy recovery in trunk mains are at the inlet of: (i) break-pressure tanks;
(ii) service tanks; and (iii) water treatment plants. Break-pressure tanks are usually installed in
trunk mains with signiﬁcant variations in the elevation of the pipeline proﬁle. Break-pressure
tanks consist of water tanks at atmospheric pressure installed speciﬁcally for dissipating the
excessive pressure in the trunk main [25]. Service tanks are installed between the trunk mains
and the water distribution network. The service tanks main objectives are: (i) providing
storage capacity by buffering the constant discharge supply from the trunk main and the
variable consumer demand from the water distribution network [26]; (ii) guaranteeing the
minimum pressure level at downstream the tank; and (iii) providing reliability in case of an
emergency event (e.g., ﬁreﬁghting) [27]. Service tanks supplied by gravity-fed trunk mains are
equipped with ﬂow control valves at the tank inlet for controlling the discharge depending
3
Chapter 1. Introduction
Figure 1.1 – Trunk main system of the water utility Águas do Algarve, Portugal. Adapted from
[24].
on the maximum and minimum levels of the service tank and for dissipating the excessive
pressure of the ﬂow. Similarly to service tanks, water treatment plants are also provided with
ﬂow control valves at the inlet of the treatment process lines. The existence of the storage in
the break-pressure tanks, service tanks and water treatment plants allows these infrastructures
to operate with fairly uniform discharge throughout the day [28].
The main difﬁculty in installing micro hydropower plants for energy recovery in the aforemen-
tioned locations is the small back-pressure at downstream of the energy recovery scheme,
as water is at the atmospheric pressure in the tanks. Such low back-pressure may induce
cavitation in the turbines, for certain operating discharge and head values. The careful assess-
ment of the site installation conditions and the cavitation occurrence is necessary to mitigate
future operational problems and the accelerated degradation of the turbine. Also, the turbines
should be installed in a bypass to the inlet ﬂow control valves, for guaranteeing the normal
water supply during maintenance operations or in the case of emergency situations.
Statistics of the average head and discharge values for energy recovery in trunk mains can be
found in [29–34]. Examples of installed PAT micro hydropower plants for energy recovery in
trunk mains are reported in [35–38].
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Water distribution networks
Water distribution networks are infrastructures composed of pressurised branched and/or
grid pipe networks for distributing drinking water to the consumers. Pipe diameters range
from 0.08 m to 0.30 m, despite some regional WSS having higher diameters [23]. The water
distribution network of Lisbon is presented in Figure 1.2. The network is composed of both
branched and grid pipe networks. The different colours represent independent operating
areas featuring different elevation range and supplied by different service tanks.
Figure 1.2 – Water distribution network of Lisbon, Portugal. The different colours represent
independent control areas of the network supplied by different service tanks. Retrieved online
from [39].
Water leakage through damaged pipes is a major concern for water utilities due to economic
and environmental reasons. Water leakage can reach up to 50% of the total water supplied
[40], leading water utilities to deploy pressure management strategies [41] to minimise the
excessive pressure, which is directly related to the water leakage volume [42]. These strategies
are deﬁned aiming at guaranteeing a minimum service pressure, (e.g. for Switzerland [43]) for
the adequate water supply to the consumers, as well as the maximum service pressure that
minimises the water leakage in the pipe network.
The installation of pressure reducing valves (PRV) creating different pressure management
areas in water distribution networks are the most commonly used method for pressure man-
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Figure 1.3 – Demand-driven patterns: (a) seasonal; (b) work-days. Retrieved from [47].
agement [44] and the most cost-effective measure for reducing leakage levels. PRV reduce the
pressure by throttling the ﬂow, which dissipates the excessive energy. The set-point of the dissi-
pated pressure is selected for guaranteeing the minimum service pressure in all network nodes
at downstream the PRV. The opportunity for energy recovery in water distribution networks
is, thus, in the replacement of the existing PRV by micro hydropower plants that can simul-
taneously control the pressure in the network while recovering part of the excessive energy.
A straightforward approach to estimate an interval of minimum and maximum recoverable
pressure values is presented in [45]. This interval is a function of the location and the elevation
of the PAT power plant, the head losses in the network, and the maximum and minimum
service pressure values in the network. Note that the pressure interval is signiﬁcantly affected
by the consumption variation in the network.
One of the main challenges for operating a power plant in a water distribution network is the
daily demand variation, which strongly affects the operation of the power plant. Demand
patterns depend on several factors, such as socio-demography, temperature, seasonality, and
day of the week, amongst others [46]. An example of daily discharge pattern in a Portuguese
water distribution network is presented in Figure 1.3 [47]. Data provided in this ﬁgure show
that, for this case, the maximum discharge in the network is approximately 5 times higher
than the minimum discharge and that there is also a signiﬁcant difference in the average
consumption during winter and summer seasons.
Apart from the direct replacement of existing PRV by hydraulic turbines, research has been
conducted on the optimisation of the water distribution network for minimising the water
leakage and for maximising the energy recovered. The aim is at ﬁnding additional locations
for installing energy recovery power plants and the corresponding values of installed power.
Fontana et al. [48] applied Genetic Algorithms for minimising water leakage and further
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designed a power plant depending on the recoverable pressure and discharge pattern. Giugni
et al. [49] compared several optimisation functions combining the savings from water leakage
reduction and the revenue from energy recovery. Corcoran et al. [50] compared the use of
genetic algorithms, non-linear programming and mixed integer non-linear programming
for combined energy recovery and water leakage reduction. Samora et al. [51] used an
optimisation algorithm based on the simulated annealing to identify the optimal locations for
energy recovery. All previous authors use the EPANET software [52] for modelling the water
distribution network. De Marchis et al. [53] suggest the use of dynamic simulations based
on the method of characteristics for modelling water infrastructures. General conclusions
from these research works are that the micro hydropower plants are effective at controlling
the pressure in all nodes of the network and at reducing the water leakage, which is one of
the main objectives of water utilities. The additional revenue from the energy generation is
an advantage for the utility since it rationalises the resources of the infrastructure by locally
producing renewable energy. Conclusions reported in the literature point to small pay-back
periods of the investment, in the range of 3 to 8 years, depending on the constraints considered
by the different authors. These short pay-back periods are highly inﬂuenced by the small
civil works required, when using existing buildings and infrastructures, in comparison to
mini hydropower plants where additional construction is required for the water diversion
structures, penstock and powerhouse.
Statistics regarding the average head and discharge values available for energy recovery in
water distribution networks can be found in [37, 54, 55]. A PAT micro hydropower plant for
energy recovery in a water distribution network installed in a bypass to a PRV is reported
in [56]. Despite the PAT being installed in a bypass to the PRV, the range of power values
recovered by the PAT is between 0.7 kW and 7 kW. This signiﬁcant power variation is caused by
the discharge variation in the water distribution network, which strongly decreases the PAT
efﬁciency. This subject is discussed in detail in the following section.
1.2.2 Pumps running as turbines
The large range of pump applications across different industries leadmanufacturers to develop
different types of pumps. Pumps can be classiﬁed, for instance by the type of operating
principle (centrifugal, side channel, positive displacement pumps), the direction of the ﬂow in
the impeller (radial, semi-axial and axial ﬂow), the type of design (e.g., single-stage, multistage,
end-suction, in-line, single-entry, double-entry), the pumped medium (e.g, drinking water,
sewage, pulp, oil) [57]. The main types of centrifugal pumps commonly used in drinking water
applications are depicted in Figure 1.4.
Main advantages of PATs are related to the industrial-scale production [59], namely (i) the low
initial cost (ii) the availability for a broad range of head and ﬂow values; (iii) the availability
in a signiﬁcant number of standard sizes; (iv) the short delivery time; and (v) the easy avail-
ability of spare parts such as seals and bearings. Moreover, the easy installation, operation
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(a) (b)
(c) (d)
Figure 1.4 – Centrifugal pumps commonly used in drinking water applications. (a) Single-
stage end-suction centrifugal pump, (b) in-line radially split centrifugal pump; (c) in-line
single-stage centrifugal pump; (d) in-line multi-stage centrifugal pump. Drawings retrieved
online from [58].
and maintenance, compared to conventional hydropower units, as well as the possibility
of delivering power from 1 kW up to hundreds of kilowatts [60], make PATs cost-effective
solutions for micro hydropower applications. Furthermore, pumps are usually supplied with
an asynchronous motor, which can be used as an induction generator [61], reducing further
the capital expenditure.
The comparison of the operating features between the turbine mode and the pump mode can
be summarised, according to [62], as follows: (i) the best efﬁciency is approximately the same,
or it can be slightly higher in the turbine mode, depending on the size of the machine; (ii) the
Best Efﬁciency Point (BEP) is located at a higher discharge and head values in the turbine
mode; (iii) the shaft power is, thus, larger in the turbine mode; (iv) the efﬁciency curve in
full load drops slower in the turbine mode compared to the pump mode; and (v) the lower
susceptibility to cavitation of the turbine mode.
The effective use of PAT micro hydropower plants for energy recovery in WSS still faces two
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major issues: (i) the difﬁculty of obtaining the turbine mode characteristic curves in the full
range of operation; and (ii) the sharp efﬁciency decrease when operating far from the BEP.
Both of these issues arise from the fact that PATs are not speciﬁcally designed and engineered
for energy generation. The turbine mode characteristic curves are usually not provided by
pump manufacturers. For this reason, several researchers have developed methodologies
for predicting the PAT characteristic curves, usually based on information provided by pump
manufacturers, such as the rated values of the pump. These methodologies still fall short
in the prediction accuracy. The efﬁciency decrease when the PAT is operating far from the
BEP is caused by the absence of an inlet ﬂow control component (e.g., Francis turbines guide
vanes). Industrial pumps are usually designed to operate at nominal conditions, this is, at the
best operating point, which does not require ﬂow control component. This sharp efﬁciency
decrease can be explained by the velocity triangles at the PAT high and low pressure sections,
as illustrated in Figure 1.5.
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Figure 1.5 – Velocity triangles at the PAT high and low pressure sections for the BEP and for the
part load and full load operating conditions.
At the BEP, the volute casing of the PAT is capable of fairly distributing the ﬂow to the impeller,
resulting into minimum power losses. As a consequence, the relative ﬂow velocity angle at
the PAT impeller high pressure reference section β1 is coincident with the impeller blades
leading edge angle. Also, at the PAT low pressure reference section, the absolute ﬂow velocity
C1¯ is axial at the PAT outlet, which corresponds to an angle β1¯ = 90◦. The previous conditions
correspond to the best operating point of the machine, this is, when the losses during the
power ﬂow are minimum.
As the discharge varies, and the PAT operates in off-design conditions, the previous conditions
are not guaranteed. At the PAT high pressure reference section, since the absolute ﬂow velocity
angle α1 is imposed by the volute casing geometry, the discharge variation induces changes
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the relative ﬂow angle in the impeller high pressure reference section β1. This change in β1
results in ﬂow detachments in the pressure side and in the suction side of the blades leading
edge for the part load and the full load operation, respectively. The rounding of the impeller
blades leading edge is suggested for mitigating the extent of the ﬂow incidence [63, 64].
At the PAT low pressure reference section, the operation far from the BEP creates a tangential
ﬂow component Cu = 0, as the relative velocity ﬂow angle in the PAT low pressure section β1¯ is
ﬁxed by the impeller blades trailing edge angle. This tangential component induces a swirling
ﬂow in the PAT draft tube in the same direction of rotation and in the reverse direction of
rotation of the PAT impeller for the part load and full load conditions, respectively. The effects
of operating in the off-design conditions are discussed in detail in the following section.
The following two sections aim at reviewing the main research literature respective to these
two challenges: the turbine mode characteristic curves prediction and the efﬁciency decrease
under variable discharge operation. The operation with variable speed control is also justiﬁed
for mitigating the efﬁciency decrease when operating under variable discharge.
Characteristic curves prediction
The methodologies for predicting the turbine mode characteristic curves can be divided into
four main groups: (i) expedite formulas; (ii) theoretical formulations; (iii) computational ﬂuid
dynamics numerical simulations; and (iv) empirical formulations based on experimental data.
The following paragraphs summarise each of the aforementioned groups.
Expedite formulas [65–74] aim at estimating the head and discharge values corresponding to
the BEP in the turbine mode. The computation of these values relies on the use of expedite
formulations based on the pump efﬁciency or on the unit speciﬁc speed value of the machine.
A summary of these formulations can be found in [16]. Despite these formulas offering a very
expediteway of assessing the BEP in turbinemode, several authors report dissimilar accuracies,
with deviations generally than 20% [75]. It can not be expected that the same equations would
apply to pumps with different unit speciﬁc speed values, though both machines have the same
efﬁciency values.
Theoretical formulations provide more reliable predictions compared to expedite formulas.
These formulations require, however, data regarding the full pump geometry, which is a
considerable drawback as this information is not usually provided by pump manufacturers.
Derakhshan and Nourbakhsh [76] propose the computation of the BEP in turbine mode based
on an area ratio method, which provided an underestimation of the discharge, head, power
and efﬁciency with a maximum deviation of 5.25% when compared with experimental data.
Huang et al. [77] describe a formulation based on the principle of characteristic matching
between rotor and volute, with a reported deviation between model results and experimental
data in the range of ±5%. Gülich [57] estimates the full characteristic curves in the turbine
mode based on the computation of the theoretical speciﬁc hydraulic energy (Euler equation)
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and on the computation of the hydraulic, leakage, disk friction and mechanical losses. The
model considers a calculation of more than 30 equations and the knowledge of internal
geometric parameters, making it hard to apply in practice. Also, the uncertainty of some of the
equations for computing the losses is in the range of±5%, reducing the accuracy of the turbine
mode characteristic curves prediction. Barbarelli et al. [78] describe a methodology very
similar to [57]. The main advantage is the estimation of the geometry of the pump (geometry
model) based on information provided by pump manufacturers when the full geometry of the
pump is not available. However, predictions have fallen short when the geometry model is
used combined with the prediction model, with deviations in the range of ±21%.
Similarly to theoretical formulations, computational ﬂuid dynamics (CFD) numerical sim-
ulations require data about the full geometry of the PAT. CFD numerical results generally
overestimate the full characteristic curves, which is attributed to geometry simpliﬁcations and
to underestimation of disk friction, mechanical losses in bearings and seals and to leakage
losses in balancing holes [76, 79–81]. Yet, CFD numerical simulations allow investigating
subjects such as the losses distribution in the PAT [82], geometry modiﬁcations [83], ﬂow
distribution in the impeller [84, 85], swirling ﬂow at the PAT outlet [86] and unsteady axial
and radial load ﬂuctuations [87]. The last two subjects are analysed in higher detail in the
following section.
The higher accuracy in the prediction of the turbine mode characteristic curves is provided by
the empirical formulations based on experimental data. These formulations aim at predicting
the full characteristic curves in the turbine mode, instead of only determining the head and
discharge values corresponding to the BEP. Also, the required input data are provided by pump
manufacturers, such as the rated values of the pump mode and pump geometry data, such as
the values of the impeller diameter. The empirical nature of these formulations restricts their
application only to the domain of operation for which the experimental data used for deﬁning
the empirical formulations have been collected. This domain of operation is usually deﬁned
by the type of pumps (e.g., end-suction centrifugal pumps, in-line multi-stage pump) and by
the corresponding interval of unit speciﬁc speed values.
Singh and Nestmann [88, 89] propose a methodology based on the speciﬁc speed-speciﬁc
diameter plots [90]. Authors report deviations in the prediction of the BEP in the range of±4%,
although the predictions have fallen short in the part load operating region. A similar approach
using the same speciﬁc speed-speciﬁc diameter plots is presented in [91]. Derakhshan and
Nourbakhsh [92] estimate the turbine mode characteristic curves using quadratic and cubic
polynomial equations, respectively for the characteristic curves of the head and the power, with
respect to the discharge. This formulation [92] seems to be widely accepted by the research
community due to their simplicity and having been tested by different authors [93–95]. Despite
providing acceptable results, authors consistently readjust the empirical coefﬁcients originally
found in [92], which indicate that the simple use of polynomial equations is very susceptible
to the change of the sample of PATs used. Fecarotta et al. [96] suggest a methodology based
on the modiﬁed afﬁnity laws of turbomachines, which seem to provide lower accuracy in
11
Chapter 1. Introduction
the part load and full load operating zones. Rossi and Renzi [97] suggest the use of artiﬁcial
neural networks for predicting the turbine mode characteristic curves, which seems to be of
non-trivial application. Barbarelli et al. [98] also use polynomial equations for predicting the
turbine mode characteristic curves. These authors [98] provide a straightforward approach
for sizing and selecting a PAT for installing in a given location in a WSS, based on the average
values of head and discharge measured in the WSS.
The experimental formulations usually provide lower accuracy at describing the PAT per-
formance in the part load and in the full load of operation. The determination of the full
characteristic curves (i.e., BEP, part load and full load) is of the utmost importance, as design
engineers need to minimise the impact of the efﬁciency decrease caused by the operation
under variable discharge. For this reason, PAT hydropower plant developers usually test the
machines before the on-site installation, as in [38, 56]. Experimental methods are the most
reliable for determining hydraulic turbomachines performance. Moreover, standardised pro-
cedures, such as the ones outlined in the IEC60193:1999 [99] and in the ISO9906:2012 [100]
allow the determination of the turbomachine performance, where the previous formulations
lack in accuracy. These standards present indications for the development of precise test-
rigs and procedures for accurately measuring hydraulic and mechanical parameters, as well
as acquiring and processing data, both in the steady and unsteady state. The ﬁnal design
should be performed with precise data about the PAT characteristic curves aiming at avoiding
operational issues during the lifetime of the power plant.
As a ﬁnal note, to the author knowledge, no methodology was found for estimating the PAT
characteristic curves in the extended operation of the generating mode. These characteristic
curves are of the utmost importance for modelling the hydraulic transients in hydropower
plants [101]. The extended operation in the generating mode can be described by the IEC non-
dimensional factors [99] or by the Suter parameters [102]. These characteristic curves provide
the information about the rotational speed, the discharge, the head and the torque, when
the PAT experiences abnormal operating conditions, for instance, when there is a sudden
load rejection of the generator. Research literature suggests that, if no data are available
for these characteristic curves for the PAT to be installed in the micro hydropower plants,
design engineers may use data available for a PAT with closest unit speciﬁc speed value [103].
However, this assumption may overlook the real performance of the machine and introduce
signiﬁcant errors in the analysis of the hydraulic transients.
Operation under variable discharge
As referred before, one of the major drawbacks of the PAT performance is the efﬁciency
decrease when operating under variable discharge, which is caused by the absence of an
inlet ﬂow control component. The efﬁciency decrease with respect to the relative discharge
variation is higher in part load operation than in the full load operation. The efﬁciency decrease
in off-design operation is a major setback for the energy recovery in WSS, as the discharge
variability is one of the main WSS features. Multiple operating strategies are proposed to
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mitigate this PAT feature disadvantage and to increase the overall efﬁciency of the power
plants. All strategies have their advantages and drawbacks. The choice of the best measure
depends on the speciﬁc operating conditions and should be analysed independently for every
speciﬁc case.
Orchard and Klos [15] and Power et al. [104] proposes the use of multiple PATs installed in
parallel and operating with constant rotational speed. The operation of a set of pumps requires
only minimal control and the operational settings of the power plant can be changed with
minimum costs. Pumps are brought into and out of service as a function of available discharge
at the inlet of the power plant.
Carravetta et al. [105] suggest a hydraulic control based on the installation of the PAT in
series with a control valve and in parallel with a bypass ﬂow regulation valve. When the
available head is higher than the head drop produced by the PAT, the control valve dissipates
the remaining pressure, while the bypass regulating valve opens when the discharge is greater
than the maximum ﬂow of the PAT. This strategy allows operating the PAT mostly near the
BEP, being the drawback the recovery of only part of the available energy. A real-time control
for this kind of operation is provided in [106]. Carravetta et al. [17] propose a variable speed
control to accommodate the discharge ﬂuctuations, allowing an increase of the instantaneous
efﬁciency under variable ﬂow. The speed is automatically adjusted, increasing or decreasing
the impeller rotating frequency, according to the discharge variation. Main advantage is the
efﬁciency increase when operating in off-design conditions. The previous strategies (hydraulic
vs. electric control) were compared in a water distribution network case study based on three
parameters: capability, ﬂexibility and reliability [107]. Authors suggest the use of combined
hydraulic and electric control for providing a better overall operating performance of the PAT
power plant.
Finally, the use of a custom-made spiral case with inlet ﬂow control is suggested in [108]. The
spiral case distributor provides a better ﬂow distribution to the impeller when operating in
off-design conditions. Chapallaz [36] presents guidelines for the design of a spiral case and
distributor with guide vanes. The major drawback of this approach is the need to customise
the PAT, resulting in a capital cost increase.
Apart from the strong efﬁciency decrease when the PAT operates far from the BEP, numerical
simulations suggest the occurrence of severe load ﬂuctuations when operating with variable
discharge conditions. These ﬂuctuations are mainly caused during the full load operation
due to the interaction of the impeller blades leading edge and the volute tongue [87]. As the
impeller blades pass near the volute tongue, the static pressure ﬁeld is locally affected, which
induce high unsteady radial load ﬂuctuations in the impeller. Such load increase may reduce
the lifetime of the PAT mechanical components. Numerical results presented in [109] suggest
that the amplitude of the unsteady ﬂuctuations is affected by the radial clearence between
the impeller blade tip and the volute tongue. Also, CFD numerical simulations [86] report the
development of a swirling ﬂow at the PAT draft tube which may lead to the development of a
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cavitation vortex ﬂow. Swirling cavitation ﬂows in pipes are associated with the development
of severe pressure ﬂuctuations [110]. This kind of phenomenon has been heavily investigated
in Francis turbines used in large hydropower plants. Research literature indicates the existence
of large pressure ﬂuctuations developed both in the part load [111, 112] and in the full load of
operation [113, 114]. However, no research has been found on this subject for the off-design
operation of PATs. Not only the operation instabilities caused by the pressure ﬂuctuations may
lead to the PAT lifetime reduction, but the amplitude of the developed pressure ﬂuctuations
may be incompatible with the adequate supply of water to the consumers.
Summing up, the variable speed control of PATs seems to be a promising solution for address-
ing the operational challenges of recovering energy under the variable discharge conditions of
WSS. This type of control may provide conditions for achieving a higher energy yield while
avoiding the onset of operation instabilities caused by the part load or by the full load operation
of these hydraulic machines.
1.2.3 Gaps of knowledge
Based on the literature review described in Sections 1.2.1 and 1.2.2 several gaps of knowledge
and topics that require further investigation are identiﬁed. These gaps of knowledge support
the motivation for the development of this research work.
Statistics of the average head and discharge values available for energy recovery in WSS is
spread in the literature. A collection of these statistics and the comparison with the scope of
operation of different types of turbines is required to identify the most appropriate machines
for each location for energy recovery in WSS.
The PAT variable speed control has been proposed to increase the efﬁciency when operating
under variable discharge conditions. However, few experimental research has been conducted
on variable speed operation of PATs. Also, the PAT extended operation in the generating mode
has been barely addressed.
CFD numerical simulations point to the onset of signiﬁcant operation instabilities during the
part load and the full load operation of the PAT. The existence of a swirling ﬂow at the PAT draft
tube may lead to the development of a cavitation vortex rope if the stationary back-pressure is
too low. This cavitation ﬂow induces severe pressure ﬂuctuations in Francis turbines. However,
no research is found for PATs. The occurrence of signiﬁcant pressure ﬂuctuations may be
incompatible with the adequate water supply.
Existing methodologies for predicting the turbine mode characteristic curves of pumps lack
accuracy, especially for describing the part load and the full load operating conditions. Also, no
methodology is known for estimating the PAT characteristic curves in the extended operation
in the generating mode.
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1.3 Thesis objective
The main objective of this research work is the experimental investigation and the prediction
of the variable speed performance of pumps running as turbines. The variable speed operation
is investigated to determine if this operating strategy is suitable for maximising the energy
recovered by PATpower plants under the variable discharge conditions ofwater supply systems.
The variable speed control may also be used to prevent the operation of the PAT far from the
best operating point avoiding, thus, the occurrence of eventual operation instabilities. This
main objective is addressed by three research contributions.
The ﬁrst contribution is the enlightenment of the variable speed performance feature of pumps
operating in the turbine mode and in the extended operation of the generating mode. The
goal is to understand if the variable speed control is suitable for improving the PAT operating
performance under the variable discharge conditions of WSS. This is achieved by an extensive
experimental investigation carried out for collecting data for the turbine mode and for the
extended operation in the generating mode.
The second contribution aims at investigating the operation instabilities caused during the
PAT operation in off-design conditions. This contribution focuses on the unsteady pressure
ﬂuctuations which are measured in the high and in the low pressure sections when the PAT
operates in part load and in full load. This contribution seeks to identify the areas where such
pressure ﬂuctuations occur and the physical mechanisms underlying this phenomenon.
The third contribution of this research work is the development of a new methodology for
predicting the characteristic curves of the PAT in the turbine mode and in the extended
operation in the generating mode, using the data collected during the ﬁrst contribution. This
methodology aims at improving the accuracy of predictions for the turbine mode in the part
load and in the full load operating zones. Also, the same methodology is used to model the
variable speed efﬁciency hill chart of a given PAT.
This research work is based on an extensive experimental investigation for addressing the ﬁrst
and second research contributions. The data collected in the experimental investigation are
used to develop the prediction methodology. This investigation solely focuses on the hydraulic
and mechanical properties of the PAT operation. The discussion of the performance and the
control of the generator parameters are out of the scope of the current research.
1.4 Thesis structure
The present research work is a collection of manuscripts submitted for peer-review interna-
tional journals. The following chapters address the research contributions described above
and present practical guidelines for the application of the methodology developed for predict-
ing and modelling the PAT performance.
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In Chapter 2, it is presented the experimental investigation carried out for collecting data to
characterise the performance characteristic curves of the turbine mode and the extended
operation in the generating mode. Three end-suction single-stage centrifugal pumps with
different unit speciﬁc speed values are tested. The description of the test-rig designed, engi-
neered and assembled for this research work is performed in this Chapter. The comparison
between the average values of head and discharge for energy recovery in WSS and the scope of
application of different turbines is carried out in the introduction of this Chapter, aiming at
justifying the range of unit speciﬁc speed values of the PATs tested in this thesis.
In Chapter 3, the off-design operation of the PAT with the higher unit speciﬁc speed value is
investigated. The investigation focuses on the unsteady pressure ﬂuctuationswhich arisewhen
the machine is operated far from the best operating point. Experimental data of the dynamic
pressure at the high and at the low pressure sections of the PAT and the ﬂow visualisation at
the PAT draft are collected to characterise the cavitation vortex rope developed during the
off-design operation. The investigation focuses both on the part load and on the full load
operation.
In Chapter 4, the new methodology for predicting the PAT characteristic curves in the turbine
mode and in the extended operation of the generating mode is presented. The methodology
deﬁnes surrogate functions to propagate the hydraulic and mechanical characteristic curves
in-between of the tested unit speciﬁc speed values of the PATs tested in Chapter 2. Also, this
chapter describes the modelling of the variable speed efﬁciency hill chart of the PAT.
Finally, in Chapter 5, practical stepwise guidelines are provided for applying the methodology
for predicting and modelling the PAT variable speed characteristic curves. The guidelines
provide the tools for modelling: (i) the prediction of the turbine mode performance; (ii) the
prediction of the extended operation in the generating mode; and (iii) the variable speed
efﬁciency hill chart of the PAT.
Chapters 2, 3 and 4 are the collection of three independent research papers submitted to
international peer-review scientiﬁc journals, which may contain repeated equations and
similar ﬁgures. The references that support each manuscript are cited by order of appearance
in this thesis and are all presented at the end of this document (see Page 129). Details of each
research paper are presented at the beginning of each Chapter.
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This chapter corresponds to the research paper:
J. Delgado, D.I.C. Covas and F. Avellan (2018), Variable speed operation of centrifugal pumps
running as turbines. Experimental investigation. Submitted to Renewable Energy, Elsevier.
Author contribution: The author designed the test-rig, assembled the measurement setup
and developed the data acquisition system. He performed the measurements and the data
analysis.
Abstract
Pumps running as turbines (PAT) are pointed out as a suitable solution for energy recovery in
pressurised water supply systems (WSS). However, these hydraulic machines feature low efﬁ-
ciency under variable discharge operation due to the lack of an inlet ﬂow control component.
The variable speed operation is an approach for controlling the discharge at the PAT inlet. This
research work presents the experimental investigation of the PAT performance with variable
speed, focusing on the the turbine mode and the extended operation mode. Three single-stage
end-suction centrifugal pumps with different unit speciﬁc speed values are experimentally
tested. Turbine mode test results show that the variable speed control allows broadening the
operating range of the PAT and also increasing the efﬁciency when the PAT is operated far
from the best efﬁciency point. Extended operation results show that these hydraulic machines
do not feature the instability region near the runaway conditions, the so-called the “s-curve”.
Outcomes of this experimental investigation provide the required insights for establishing the
design speciﬁcations of variable speed PAT micro hydropower plants, aiming at maximizing
the energy recovered in pressurised water supply systems.
Keywords: Pumps running as turbines, variable speed, energy recovery, turbine mode, four-
quadrants, experimental tests.
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2.1 Introduction
Pressurised water supply systems (WSS) have a signiﬁcant potential for energy recovery [3, 25].
Locations for energy recovery in these systems are deﬁned as the sites where the ﬂow is
conveyed with an excessive pressure, not required for the effective downstream water supply.
The scope of the average head and discharge values available for energy recovery in WSS
is broad and infrastructure dependent, as illustrated in Figure 2.1. Data in this ﬁgure are
clustered into ﬁve types of WSS, namely in: (i) irrigation networks, (ii) inlet of water treatment
plants; (iii) inlet of storage tanks or break-pressure tanks, in trunks mains; (iv) pressure
reducing valves in water distribution networks; and (v) outlet of wastewater treatment plants
[24, 29–35, 37, 38, 54, 55, 115–120].
Wastewater treatment plants
IrrigationWater treatment plantsStorage tanks and
break-pressure tanks
Water distribution networks
Figure 2.1 – Average head and discharge values available for energy recovery in water supply
systems. The isolines represent the available hydraulic power.
The operating range breakdown of the available discharge Q, head H and hydraulic power
Ph values, for each type of WSS is detailed in Table 2.1. Irrigation infrastructures feature the
highest discharge values as agriculture is more water-intensive than drinking water supply
[121]. Differences between water distribution networks, storage tanks and water treatment
plants are justiﬁed by the water supply chain. Water treatment plants convey water to several
storage tanks, while these supply several district meter areas, where pressure reducing valves
(PRV) are usually installed. The head values in the above-mentioned infrastructures have
the same order of magnitude, while wastewater treatment plants feature lower values for this
parameter.
The orders of magnitude of WSS operating conditions are smaller compared to conventional
hydropower plants. As an example, approximately 85% of the sites represented in Figure 2.1
have an available hydraulic power lower than 1 MW. In fact, the average head and discharge
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Table 2.1 – Breakdown of minimum and maximum values of head and discharge for energy
recovery per infrastructure.
Location
Q
(
m3 · s−1) H (m) Ph (kW)
min max min max min max
Irrigation networks 0.230 40.0 7.0 120 85 8′100
Water treatment plants (inlet) 0.040 7.8 6.0 100 11 5′300
Storage tanks (inlet) 0.015 1.8 6.0 100 6 325
Water distribution networks (PRV) 0.005 0.12 10.0 85 1 75
Wastewater treatment plants (outlet) 0.040 14.0 1.5 16 5 360
values found for energy recovery in WSS (Figure 2.1) are not matched by custom-made hy-
dropower units scope of application, as illustrated in Figure 2.2. Therefore, the deployment
of energy recovery systems in these infrastructures is relying on hydraulic machines that can
cover such operating conditions. The unit speciﬁc speed nq represented in Figure 2.2 is de-
ﬁned by Equation (2.1). The computation of this parameter considers values of the rotational
speed between 500 min−1 and 3′000 min−1, and the use of several units in parallel, depending
on the discharge.
nq =N Q
1
2
H
3
4
(2.1)
where N is the rotational speed in (min−1), Q is the discharge in (m3 · s−1), and H is the head
in (m). Note that nq is unit dependent.
Pumps running as turbines (PAT) are pointed as a cost-effective solution for energy recovery
in WSS [123], among other turbines [124–130]. The use of PATs for energy recovery in WSS has
been extensively investigated in topics such as turbine mode prediction, control strategies and
performance enhancement, for instance in [48, 49, 92, 94, 96, 106, 131–134]. Main advantages
are the small capital investment, the immediate availability in a wide range of head and
discharge, and the considerable efﬁciency at the best efﬁciency point (BEP) [59]. Indeed, the
PATs range of application coversmost of theWSS average operating conditions, as illustrated in
Figure 2.3. Yet, PATs feature a low efﬁciency in off-design operation. This is, when the discharge
is smaller or higher than the value at the BEP, the so-called part load and full load operation
conditions, respectively. A PAT power plant installed in a WSS is surely bound to experience
off-design operation, as one of WSS main characteristic is the daily discharge variations, as
illustrated in Figure 2.4, which is caused by the consumer-driven demand [19, 47].
The efﬁciency decrease when operating in off-design conditions is a result of the absence of a
discharge regulation component (e.g., guide vanes in Francis turbines). When the discharge
deviates from the value at the BEP, the impeller blades leading edge experience ﬂow detach-
ment in the pressure side and suction side of the impeller blades leading edge, respectively for
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Figure 2.2 – Comparison between the scope of application of conventional hydropower tur-
bines [122] and the average operating conditions for energy recovery in WSS.
Figure 2.3 – Comparison between PAT range of operation [135] and the potential for energy
recovery in WSS. The isolines represent the available hydraulic power.
the part load and the full load operation (see Figure 2.5). The tip rounding of the blades leading
edge is suggested to mitigate this problem [63, 64]. Furthermore, a swirling ﬂow is developed
at the impeller low pressure section (i.e., Cu,1¯ = 0) in the same and inverse runner rotation
direction, for part load and full load, respectively. Both these occurrences may decrease the
PAT efﬁciency.
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Figure 2.4 – Schematic representation of the discharge time history in a water distribution
network during one week. The dashed line represents the average discharge. Typically, the
maximum discharge is higher by a factor of 3 or 4 than the minimum discharge.
The variable speed control is pointed as a strategy to increase the efﬁciency and the energy
yield under variable discharge operation [17]. The rotational speed control allows adjusting
the velocity triangles at the PAT high and low pressure sections, as illustrated in Figure 2.5.
Research ﬁndings of PAT variable speed operation are inconsistent. Jain et al. [136] suggest
that the maximum efﬁciency decreases with increasing rotational speed. These results are
contradicted by the results shown in [38]. Therefore, this topic still requires further research.
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Figure 2.5 – Velocity triangles in the PAT high and low pressure sections for the part load
operation, the best efﬁciency point and the full load operation.
The hydropower plants installed in WSS need to maintain the safety and the adequate wa-
ter supply [14] both in regular (e.g., start-up) and in the case of emergency operation (e.g.,
generator sudden load rejection). The dynamics of the power plant are represented by the
Equation (2.2), which describes the inertial effect of the rotating masses, and by the pump
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characteristic curves in the four-quadrants of operation. The latter describes the interaction
between the speciﬁc hydraulic energy E = gH , being H the head, the discharge Q, the torque
T , and the runner rotating frequency n. The four-quadrants characteristic curves (see Figure
2.6 and Table 2.2) are described by the variation of the IEC factors of discharge QED , and
torque TED with respect to the IEC speed factor nED , which are deﬁned Equation (2.3) [99].
J
dω
dt
= T +Tel (2.2)
nED = nD
E
QED = Q
D2

E
TED = T
ρ1 D3E
(2.3)
where J is the pump moment of inertia, ω is the angular speed and Tel is the electric resisting
torque. D is the reference diameter and ρ1 is the water density in the high pressure reference
section of the PAT.
QED
TED
nED
nED
0
0
Quadrant I
Pump
Quadrant II
Brake
Quadrant III
Turbine
Quadrant IV
Reverse pump
QED
runaway
nED
runaway
Unstable characteristic curve
Stable characteristic curve
P T
P:
T: 
Normal pump operating range
Normal turbine operating range
? >?
QED 0
nED
Figure 2.6 – Identiﬁcation of the four-quadrants of operation.
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Table 2.2 –Quadrants and operatingmodes deﬁnitions used for the experimental investigation.
ID Quadrant Q N T Mode
1 Pump - - + Pump
1/2 - 0 - + Zero discharge
2 Brake + - + Pump-brake
3 Turbine
+ + + Turbine
+ + 0 Runaway
+ + - Turbine-brake
3/4 - 0 + - Zero discharge
4 Reverse pump - + - Reverse pump
The extended operation of custom-made Francis reversible pump-turbines often features an
unstable characteristic curve near the runaway operating point deﬁned by ∂QED/∂nED ≥ 0
(see Figure 2.6). This unstable characteristic curve is frequently observed in low speciﬁc speed
reversible pump-turbines [101]. This unstable feature may induce the constant shift between
the turbine and the reverse pump quadrants, creating vibration and noise [137]. PATs are also
likely to feature this unstable characteristic curve, as pump-turbines impellers are mostly
designed for the pumping mode. Yet, no research was found about this topic on PATs.
This research paper aims at gathering the stationary performance data required for the speciﬁ-
cations development of variable speed PAT power plants for energy recovery in WSS. A new
experimental facility is designed, engineered and assembled for testing reaction hydraulic
machines, both in the pumping and in the generating mode. The experimental investigation is
performed in three end-suction single-stage centrifugal pumps with different nq values. The
description of the test-rig and the experimental procedure are outlined in Section 2.2. The
collected experimental results of the pump, the turbine and the extended operation modes
are presented in Section 2.3. These results are later discussed in Section 2.4, focusing on
the variable speed characteristics. Finally, the main conclusions and future perspectives are
outline in Section 2.5.
2.2 Experimental setup
2.2.1 Test-rig and measurement equipment
The experimental investigation is carried out in a new test-rig assembled in the Laboratory
of Hydraulics and Environment at Instituto Superior Técnico, Universidade de Lisboa. The
test-rig consists of a reversible closed-loop steel-pipe facility (Figure 2.7). Two feed pumps,
installed at a lower level, provide the hydraulic power to the test-rig. Each pump, with a rated
power of 15 kW, delivers a maximum discharge and pressure of 24 l · s−1 and 8 bar, respectively.
The discharge supplied to the PATs is controlled using two variable speed drives (VSD). The
feed pumps are provided with a bypass for ﬂow circulation in both directions. The maximum
installed pumping power allows operating the test-rig up to 40 l · s−1.
23
Chapter 2. Experimental investigation
Figure 2.7 – Test-rig assembled for collecting the experimental investigation.
A 1 m3 pressure vessel, installed at the PAT high pressure side, provides ﬂow stabilisation
and a uniform velocity proﬁle at the PAT inlet. The test-rig allows investigating differently
sized hydraulic machines. The PATs rotational speed is fully regulated between 300 min−1
and 3′000 min−1 using a 15 kW four-quadrant VSD. The original induction motors are used as
asynchronous generators. A 350 mm straight transparent Plexiglas pipe is installed in the PAT
low pressure section to allow detecting the occurrence of cavitation in the draft tube.
A second 1 m3 pressure vessel, installed at the PAT low pressure side, is used to create different
back-pressure levels. Both vessels are equipped with valves for admission and release of
compressed air. The low pressure vessel and the feed pumps are connected by three pipes,
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Table 2.3 – Measurement equipment characteristics.
ID Measurement Range Units Accuracy
Q Discharge 0 − 0.04 m3· s−1 0.40% of span
Δp1 Differential pressure 1 0 − 7.5 bar 0.14% of span
Δp2 Differential pressure 2 -0.2 − 2.1 bar 0.14% of span
T Torque -50 − 50 N·m 0.30% of upper limit
n Runner rotating frequency 0 − 50 s−1 0.20% of span
θ Temperature 0 − 100 ◦C 0.30% of span
Psup Active power -10 − 10 kW 0.50% of upper limit
Qsup Reactive power -10 − 10 kVAr 2.00% of upper limit
installed in parallel, equipped with isolation valves to allow operating the pipes in different
conﬁgurations. The test-rig is supplied with water from a 40 m3 storage tank.
The test-rig is equipped with instrumentation for measuring the PATs hydraulic, mechanical
and electrical parameters. The location and characteristics of the measurement equipment are
shown in Figure 2.8 and in Table 2.3, respectively. Measurements are simultaneously acquired
using a data acquisition hardware (NI cDAQ9178) from National Instruments™, connected
to a computer. The acquisition hardware is equipped for both voltage (NI 9205) and current
(NI 9203) analogue inputs. Moreover, it also generates voltage analogue outputs (NI 9269) for
controlling the three VSD. The data acquisition and control software controls the three VSD,
as well as acquires, processes, logs and visualises the measurement data in real-time.
?
??1
D
??2z2 = zREF
z1
Q
T N
High pressure 
side
Low pressure
 side
PSUP , QSUP
VSD
Figure 2.8 – Measurement equipment setup.
25
Chapter 2. Experimental investigation
Table 2.4 – Rated characteristics in pump mode of the tested centrifugal pumps.
Pump ID NPR
(
min−1
)
QPR
(
l · s−1) HPR (m) PPR (kW) (1) nq (SI) D (mm) (2)
NK40-160/158 2′910 10.9 31.1 5.0 23.1 65
NK40-125/127 2′900 13.0 16.2 2.8 41.0 65
NK65-125/127 2′910 29.8 14.6 5.5 67.3 80
(1) Shaft power corresponding to the rated operating point
(2) Diameter of the low pressure section of the volute
2.2.2 Experimental tests performed
The experimental investigation is performed in three single-stage end-suction centrifugal
pumps with closed impeller and single volute. The three pumps are characterised by different
nq values. The rated characteristics in pumping mode are outlined in Table 2.4, namely: the
discharge QPR, the head H
P
R, the rotational speed N
P
R, the shaft power P
P
R, the unit speciﬁc
speed nq, and the reference diameter D, which is considered as the value at the pump low
pressure ﬂange internal section (see Figure 2.8).
The speciﬁc hydraulic energy E is deﬁned by:
E = pabs,1−pabs,2
ρ¯
+ C1
2−C22
2
+ g (z1− z2) (2.4)
where pabs is the the absolute pressure, C is the ﬂow velocity, g is the gravity acceleration,
z is the elevation, and ρ¯ = (ρ1+ρ2)/2 is the average water density, which is a function of
the pressure and temperature [99]. Subscripts 1 and 2 refer to the high and low pressure
measurement sections, respectively. According to the measurement setup of Figure 2.8, E is
determined by Equation (2.5).
E = Δp1
ρ2
+ C1
2−C22
2
(2.5)
The hydraulic and mechanical shaft power, Ph and P are given by Equations (2.6) and (2.7),
respectively. The active and reactive electric power Psup and Qsup, respectively, are directly
measured using a digital power analyser.
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Ph = ρ1QE (2.6)
P = 2πnT (2.7)
where n is runner rotational speed (n and N refer to the the same parameter, though the units
are Hz and min−1, respectively).
Finally, the mechanical, electrical and global efﬁciency η , ηel and ηg , respectively, are given by
Equation (2.8). Superscripts P and T refer to the pump and to the turbine mode, respectively.
The torque sensor is assembled between the PAT shaft and the induction generator. The digital
power analyser is installed between the electric grid and the regenerative VSD. Therefore, the
mechanical efﬁciency η, takes into account the power losses associated with leakage ﬂow, disk
friction, speciﬁc energy losses in the volute and impeller and bearing and seals friction [57].
The electric efﬁciency ηel accounts the losses in the induction generator, namely the stator
iron losses, the stator and rotor copper losses [61], and the VSD losses.
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
Pump mode : ηP = Ph
P
; ηPel =
P
Psup
; ηPg =
Ph
Psup
Turbine mode : ηT = P
Ph
; ηTel =
Psup
P
; ηTg =
Psup
Ph
(2.8)
Measurements are performed under cavitation-free conditions, being the cavitation occur-
rence controlled by direct observation in the transparent Plexiglas pipe installed at the low
pressure side of the PAT. The Net Positive Suction Energy NPSE is deﬁned by:
NPSE = pabs,2−pva
ρ2
+ C2
2
2
+ g (zref− z2) (2.9)
where pva is the vapour pressure, which is a function of the temperature θ [99], and zref is the
reference elevation of the PAT. According to the measurement setup of Figure 2.8, the NPSE is
computed by [99]:
NPSE = Δp2+pamb−pva
ρ2
+ C2
2
2
(2.10)
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where pamb is the ambient pressure at the test-rig location. Consequently, the Thoma Number
σ is deﬁned by Equation (2.11).
σ= NPSE
E
(2.11)
The systematic relative error fX ,s, of a given variable X is computed for every measured operat-
ing point by Equation (2.12). Consequently, the total relative error is given by Equation (2.13).
This calculation considers a conservatively estimated random error fX ,r = 0.1%. Finally, the
propagated total relative error of a given parameter is determined based on the root mean
square of all the total relative errors of its dependent variables [99].
fX ,s =
eX ,s
X¯
(2.12)
fX ,t =
√
fX ,s
2+ fX ,r2 (2.13)
The experimental tests aim at obtaining the variable speed characteristic curves of the three
centrifugal pumps in the pump mode, in the turbine mode and in the four-quadrants of
operation. Each measurement is performed under stationary discharge conditions. Each
operating point is collected with a sampling frequency of 5′000 Hz during a 20 s time window.
Measurements average and standard deviation values are recorded. The temperature variation
does not exceed 2 ◦C during each test.
The pump mode and the turbine mode are both investigated for constant N values ranging
from 600 min−1 to 3′000 min−1 with steps of 300 min−1. In the pump mode, the discharge
is gradually increased between each measured operating point, using a discharge control
valve installed in the low pressure pipes. The bypass to the feed pumps is open to allow
ﬂow circulation in the pumping mode ﬂow direction (see Figure 2.7). In turbine mode, the
discharge and the speciﬁc energy at the PAT high pressure reference section are controlled
using the VSD of the feed pumps. Measurements of the turbine mode are performed for the
operating points with positive torque values.
The extended operation experimental tests aim at retrieving the nED −QED and the nED −TED
characteristic curves for the four-quadrants of operation showed in Table 2.2. The ﬁrst quad-
rant is measured during the pump mode tests. The second quadrant is obtained starting at
zero discharge. The feed pumps gradually supply the discharge in the generating mode ﬂow
direction (see Figure 2.7), while the PAT impeller is rotating in the pump rotational speed
direction. Measurements for higher values of qED are limited by the vibrations in the test-rig.
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The third quadrant is measured starting at full load conditions and gradually reducing the
supplied speciﬁc hydraulic energy to the PAT high pressure section. Near runaway operating
point, the PAT performance becomes unstable. The additional head loss created by a bypass
in the low pressure pipes stabilises the operation of the PAT [138]. As the machine reaches
zero discharge conditions, the bypass to the feed pumps is opened to allow measuring the
operating points in the fourth quadrant.
2.3 Results
2.3.1 Pump mode
Experimental tests in the pump mode aim at collecting data for further comparison with the
turbine mode. Experimental results described by the characteristic curves of E , T , P and ηP
with respect to Q, collected for the pump mode of the pumps with nq values of 23.1, 41.0
and 67.3 are given in Figures 2.9, 2.10 and 2.11, respectively. The measured operating points
corresponding to the BEP in the pump mode are given in Section 2.6.1.
The maximum power of the tested centrifugal pumps prevented to perform measurements
for Q > 26.0 l · s−1 (see Figure 2.11). The measured values of ηP are lower compared to the efﬁ-
ciency values provided by the original pump manufacturer, despite being within the tolerance
band of the supplier (Grade 3B of the ISO9906:2012 [100]).
2.3.2 Turbine mode
Experimental results described by the characteristic curves of E , T , P and ηP, with respect to
Q, collected for the turbine mode of the pumps with nq values of 23.1, 41.0 and 67.3 are given
in Figures 2.12, 2.13 and 2.14, respectively. The measured operating points corresponding to
the BEP in the turbine mode are provided in Section 2.6.2. The maximum power of the feed
pumps prevented to perform measurements for Q > 40.0 l · s−1.
The BEP in the turbine mode feature higher values of E andQ than the BEP in the pump mode
(see Section 2.6). The efﬁciency values at the BEP in both operating modes have approximately
the same values, as shown in Table 2.5, which is in agreement with results reported in the
literature.
The variable speed operation broadens the operating range of the PATs. Firstly, it increases
the efﬁciency when the PAT operates far from the best operating point. For instance, the
efﬁciency of the nq = 67.3 PAT is ηT = 36.2% and ηT = 69.1%, for 3′000 min−1 and 1′800 min−1,
respectively, when operating at a discharge of Q = 25.0 l · s−1 (Figure 2.14). Such efﬁciency
increase by reducing the rotational speed results in a higher power yield from P = 1.25 kW to
P = 1.75 kW (38.5% increase). Secondly, the rotational speed control broadens the operation
range of E . For instance, the nq = 23.1 PAT only operates at E ≤ 245J ·kg−1 if the machine runs
for N ≤ 3′000 min−1 (see Figure 2.12).
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Table 2.5 – Maximum efﬁciency values mea-
sured in pump and turbine mode.
nq (SI) ηPmax (%) η
T
max (%) Δηmax (%)
23.1 67.4 72.3 4.9%
41.0 67.7 69.2 1.5%
67.3 73.5 70.7∗ -∗∗
∗ Maximum efﬁciency not measured due to dis-
charge limitations in the test-rig.
∗∗ Comparison not meaningful as ηTmax value in
turbine mode for this PAT is not measured.
2.3.3 Extended operation
Experimental results of the four-quadrants of operation for the pumps with nq values of 23.1,
41.0 and 67.3 are presented in Figures 2.15, 2.16 and 2.17, respectively. The four-quadrants
characteristic curves presented in these ﬁgures are given by the variation of QED and TED ,
with respect to nED . Also, the speed and the discharge factors values of the runaway operating
point, nrunawayED and Q
runaway
ED respectively, are provided in these ﬁgures. These experimental
data refer to the PATs performance with N = 2′100 min−1. The shape of the nED −QED and
the nED −TED characteristic curves are similar for all pumps. None of the PATs feature the
unstable characteristic curve deﬁned by ∂QED/∂nED ≥ 0 near the runaway operating point.
Both nrunawayED and Q
runaway
ED values increase with increasing unit speciﬁc speed.
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Figure 2.9 – Experimental results in the pumping mode of the nq = 23.1 pump.
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Figure 2.10 – Experimental results in the pumping mode of the nq = 41.0 pump.
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Figure 2.11 – Experimental results in the pumping mode of the nq = 67.3 pump.
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Figure 2.12 – Experimental results in the turbine mode of the nq = 23.1 pump.
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Figure 2.13 – Experimental results in the turbine mode of the nq = 41.0 pump.
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Figure 2.14 – Experimental results in the turbine mode of the nq = 67.3 pump.36
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Figure 2.15 – Experimental results in the four-quadrants of the nq = 23.1 pump.
Figure 2.16 – Experimental results in the four-quadrants of the nq = 41.0 pump.
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Figure 2.17 – Experimental results in the four-quadrants of the nq = 67.3 pump.
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2.4 Discussion
2.4.1 Variable speed operation in turbine mode
The variable speed operation in the turbine mode allows increasing the range of operation in
both the discharge and the speciﬁc energy operating domain while increasing the efﬁciency.
The stationary performance in the turbine mode of the three PATs is summarised in Figure 2.18.
Data in this ﬁgure make apparent that, for each PAT, the maximum efﬁciency increases with
increasing speed and is achieved for a constant value of the discharge factor. These discharge
factor values corresponding to the maximum efﬁciency QηmaxED are provided in the Figure 2.18,
for each tested PAT. The variable speed PAT performance is given by constant QED −nED
characteristic curves. However, for N = 600 min−1 and N = 900 min−1 these curves are slightly
deviated. This deviation could be explained by the Reynolds effects, as the discharge is reduced
for these rotational speed values.
Furthermore, the efﬁciency signiﬁcantly drops in the off-design operation if the PAT is operated
with constant rotational speed. The efﬁciency decrease is sharper with decreasing values of
nq in the part load operation, whilst this efﬁciency decrease is more pronounced in full load
operation with increasing values of nq. As previously referred, the sharp efﬁciency decrease
is related to the impeller blades leading edge ﬂow incidence and the swirling ﬂow at the PAT
draft tube. In fact, this swirling ﬂow is observed during the part load operation, as illustrated
in Figure 2.19, if the stationary back-pressure value allows the development of a cavitation
ﬂow. The ﬂow visualisations for this cavitation ﬂow are shown for the the nq = 67.3 PAT with
similar back-pressure conditions, deﬁned by σ= 2.0.
39
Chapter 2. Experimental investigation
23.1 41.0 67.3
nq=23.1
nq=41.0
nq=67.3
Figure 2.18 – Summary of the three PATs characteristic curves in generating mode. Variation of
nED and ηT with respect to QED . The colors of the markers refer to the rotational speed value,
for instance as in Figure 2.14.
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Figure 2.19 – Visualisation of the cavitation vortex rope in the nq = 67.3 PAT draft tube for the
operation in part load conditions.
41
Chapter 2. Experimental investigation
2.4.2 Extended operation
Collected data for the variable speed operation in the third and fourth quadrants (i..e, the
extended operation in the generating mode) are presented in Figures 2.20, 2.21 and 2.22, for
the PATs with nq values of 23.1, 41.0 and 67.3, respectively. Measurements are performed for
constant N values ranging from 1′500 min−1 to 3′000 min−1. Similarly to the turbine mode,
the PATs extended operation performance are given by constant nED −QED and nED −TED
characteristic curves, except for the nq = 41.0 PAT. The analysis of the relative total errors of
the nED and QED parameters for this PAT, given in in Figure 2.23, makes apparent that the
leftward deviation of the extended operation curves is not within the computed total error
bands. Further measurements should be performed to determine if this deviation is caused by
an error during the measurement collection for this pump. Nevertheless, the unstable feature
of ∂QED/∂nED ≥ 0 is not observed for any of the pumps.
Figure 2.20 – Effect of variable speed in the third and fourth quadrant of the nq = 23.1 pump.
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Figure 2.21 – Effect of variable speed in the third and fourth quadrant of the nq = 41.0 pump.
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Figure 2.22 – Effect of variable speed in the third and fourth quadrants of the nq = 67.3 pump.
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Figure 2.23 – Total relative error of nED and QED in the third and fourth quadrant of nq = 41.0
pump.
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2.5 Conclusions and perspectives
This research work presents the experimental investigation of the stationary performance
of variable speed PAT operation. The experimental tests are performed in three single-stage
end-suction centrifugal pumps with different nq values, focusing on the turbine mode and
the extended operation performance.
Measurements collected allow concluding that the variable speed operation is suitable for in-
creasing the operating efﬁciency of PATs under the variable discharge conditions of WSS. Also,
the variable speed operation allows broadening the speciﬁc energy (or head) and discharge
operating range. This operating range broadening is particularly relevant if the PAT is installed
in a WSS where the pressure is dynamically controlled [45, 139], for optimal management of
the water supply system. The maximum efﬁciency in the turbine mode is equal or higher as
the efﬁciency in the pump mode. Also, the maximum efﬁciency is obtained for constant QED
values, independently of the rotational speed set-point. The collected data for the extended
operation make apparent that the tested PATs do not feature the unstable characteristic curves
described by ∂QED/∂nED ≥ 0 near the runaway operating point.
The obtained results are currently being applied for the development of empirical models for
describing the variable speed performance of this type of PATs, under the range of nq values
tested. These empirical models could be used for: (i) analysing the energy yield of the PAT sys-
tem; (ii) provide the speciﬁcations for the start-up and shut-down manoeuvres; or (iii) assess
the hydraulic transient effects in the micro hydropower system due to emergency operation.
This will allow comparing the effectiveness of different system layouts and operating strategies,
which is still an open research topic.
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2.6 Appendix
2.6.1 Appendix A - BEP measurements of the pump mode
Table 2.6 – BEP measurements for the three tested pumps in the pump mode for absolute
N values between 1′500 min−1 and 2′920 min−1. Values inside parentheses indicate the total
relative errors.
Pump ID N (min−1) Q (l · s−1) E (J ·kg−1)
nq = 23.1
−1′500 (±0.4%) −6.0 (±2.7%) 79.0 (±1.3%)
−1′800 (±0.3%) −7.0 (±2.3%) 113.3 (±0.9%)
−2′099 (±0.3%) −8.0 (±2.0%) 154.0 (±0.7%)
−2′398 (±0.3%) −10.0 (±1.6%) 191.0 (±0.6%)
−2′700 (±0.2%) −10.0 (±1.6%) 256.0 (±0.4%)
−2′922 (±0.2%) −11.0 (±1.5%) 297.6 (±0.4%)
nq = 41.0
−1′500 (±0.4%) −6.0 (±2.7%) 43.8 (±2.4%)
−1′800 (±0.3%) −6.0 (±2.7%) 68.8 (±1.5%)
−2′099 (±0.3%) −7.0 (±2.3%) 91.9 (±1.2%)
−2′400 (±0.2%) −9.0 (±1.8%) 111.2 (±1.0%)
−2′700 (±0.2%) −10.0 (±1.6%) 140.8 (±0.8%)
−2′918 (±0.2%) −10.0 (±1.6%) 172.1 (±0.6%)
nq = 67.3
−1′499 (±0.4%) −13.9 (±1.2%) 41.6 (±2.5%)
−1′799 (±0.3%) −16.6 (±1.0%) 59.3 (±1.8%)
−2′099 (±0.3%) −19.3 (±0.8%) 80.7 (±1.3%)
−2′399 (±0.3%) −21.8 (±0.7%) 105.6 (±1.0%)
−2′699 (±0.2%) −24.5 (±0.7%) 133.5 (±0.8%)
−2′918 (±0.2%) −26.1 (±0.6%) 155.9 (±0.7%)
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Table 2.7 – BEP measurements for the three tested pumps in the pump mode for absolute
N values between 1′500 min−1 and 2′920 min−1. Values inside parentheses indicate the total
relative errors. Note: * BEP not measured due to discharge limitations in the test-rig.
Pump ID N (min−1) T (N ·m) P (kW) ηP (%)
nq = 23.1
−1′500 (±0.4%) 4.6 (±3.3%) −0.7 (±3.3%) 65.4 (±4.5%)
−1′800 (±0.3%) 6.4 (±2.3%) −1.2 (±2.4%) 65.5 (±3.4%)
−2′099 (±0.3%) 8.5 (±1.8%) −1.9 (±1.8%) 65.7 (±2.8%)
−2′398 (±0.3%) 11.3 (±1.3%) −2.8 (±1.3%) 67.0 (±2.2%)
−2′700 (±0.2%) 13.4 (±1.1%) −3.8 (±1.1%) 67.3 (±2.0%)
−2′922 (±0.2%) 15.8 (±1.0%) −4.8 (±1.0%) 67.4 (±1.8%)
nq = 41.0
−1′500 (±0.4%) 2.5 (±6.0%) −0.4 (±6.0%) 66.4 (±7.0%)
−1′800 (±0.3%) 3.3 (±4.6%) −0.6 (±4.6%) 66.7 (±5.5%)
−2′099 (±0.3%) 4.4 (±3.4%) −1.0 (±3.4%) 66.6 (±4.3%)
−2′400 (±0.2%) 6.0 (±2.5%) −1.5 (±2.5%) 66.8 (±3.2%)
−2′700 (±0.2%) 7.6 (±2.0%) −2.1 (±2.0%) 65.6 (±2.7%)
−2′918 (±0.2%) 8.3 (±1.8%) −2.5 (±1.8%) 67.7 (±2.5%)
nq = 67.3
−1′499 (±0.4%) 5.0 (±3.0%) −0.8 (±3.0%) 70.7 (±4.1%)
−1′799 (±0.3%) 7.4 (±2.0%) −1.4 (±2.1%) 70.9 (±2.9%)
−2′099 (±0.3%) 9.7 (±1.5%) −2.1 (±1.6%) 72.7 (±2.2%)
−2′399 (±0.3%) 12.5 (±1.2%) −3.1 (±1.2%) 73.1 (±1.7%)
−2′699 (±0.2%) 15.7 (±1.0%) −4.4 (±1.0%) 73.5 (±1.4%)*
−2′918 (±0.2%) 18.4 (±0.8%) −5.6 (±0.8%) 72.3 (±1.2%)*
Table 2.8 – BEP measurements for the three tested pumps in the pump mode for absolute
N values between 1′500 min−1 and 2′920 min−1. Values inside parentheses indicate the total
relative errors.
Pump ID N (min−1) nED (−) QED (−) TED (−)
nq = 23.1
−1′500 (±0.4%) −0.18 (±1.4%) −0.16 (±3.0%) 0.21 (±3.5%)
−1′800 (±0.3%) −0.18 (±1.0%) −0.16 (±2.5%) 0.21 (±2.5%)
−2′099 (±0.3%) −0.18 (±0.7%) −0.15 (±2.1%) 0.20 (±1.9%)
−2′398 (±0.3%) −0.19 (±0.6%) −0.17 (±1.7%) 0.22 (±1.4%)
−2′700 (±0.2%) −0.18 (±0.5%) −0.15 (±1.7%) 0.19 (±1.2%)
−2′922 (±0.2%) −0.18 (±0.4%) −0.15 (±1.5%) 0.19 (±1.0%)
nq = 41.0
−1′500 (±0.4%) −0.25 (±2.4%) −0.21 (±3.6%) 0.21 (±6.4%)
−1′800 (±0.3%) −0.24 (±1.6%) −0.17 (±3.1%) 0.17 (±4.8%)
−2′099 (±0.3%) −0.24 (±1.2%) −0.18 (±2.6%) 0.18 (±3.6%)
−2′400 (±0.2%) −0.25 (±1.0%) −0.20 (±2.0%) 0.20 (±2.7%)
−2′700 (±0.2%) −0.25 (±0.8%) −0.20 (±1.8%) 0.20 (±2.1%)
−2′918 (±0.2%) −0.24 (±0.7%) −0.19 (±1.7%) 0.18 (±1.9%)
nq = 67.3
−1′499 (±0.4%) −0.31 (±2.6%) −0.34 (±2.8%) 0.26 (±3.9%)
−1′799 (±0.3%) −0.31 (±1.8%) −0.34 (±2.0%) 0.24 (±2.7%)
−2′099 (±0.3%) −0.31 (±1.3%) −0.34 (±1.5%) 0.24 (±2.0%)
−2′399 (±0.3%) −0.31 (±1.0%) −0.33 (±1.2%) 0.23 (±1.6%)
−2′699 (±0.2%) −0.31 (±0.8%) −0.33 (±1.0%) 0.23 (±1.2%)
−2′918 (±0.2%) −0.31 (±0.7%) −0.33 (±0.9%) 0.23 (±1.1%)
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2.6.2 Appendix B - BEP measurements of the turbine mode
Table 2.9 – BEP measurements for the three tested pumps in the turbine mode for absolute
N values between 1′500 min−1 and 3′000 min−1. Values inside parentheses indicate the total
relative errors.
Pump ID N (min−1) Q (l · s−1) E (J ·kg−1)
nq = 23.1
1′500 (±0.4%) 9.0 (±1.8%) 130.8 (±0.8%)
1′800 (±0.3%) 11.0 (±1.5%) 189.9 (±0.6%)
2′100 (±0.3%) 13.1 (±1.2%) 263.5 (±0.4%)
2′400 (±0.2%) 15.0 (±1.1%) 346.0 (±0.3%)
2′701 (±0.2%) 16.0 (±1.0%) 403.8 (±0.3%)
3′001 (±0.2%) 18.0 (±0.9%) 504.1 (±0.2%)
nq = 41.0
1′499 (±0.4%) 10.0 (±1.6%) 91.5 (±1.2%)
1′800 (±0.3%) 11.0 (±1.4%) 114.1 (±0.9%)
2′100 (±0.3%) 13.1 (±1.2%) 156.8 (±0.7%)
2′402 (±0.2%) 15.0 (±1.1%) 204.7 (±0.5%)
2′703 (±0.2%) 16.0 (±1.0%) 236.4 (±0.5%)
3′005 (±0.2%) 18.1 (±0.9%) 298.6 (±0.4%)
nq = 67.3
1′500 (±0.4%) 21.9 (±0.7%) 76.3 (±1.4%)
1′801 (±0.3%) 25.9 (±0.6%) 107.3 (±1.0%)
2′100 (±0.3%) 29.9 (±0.5%) 142.2 (±0.7%)
2′401 (±0.2%) 33.9 (±0.5%) 183.2 (±0.6%)
2′701 (±0.2%) 39.2 (±0.4%) 243.9 (±0.4%)
3′000 (±0.2%) 39.1 (±0.4%) 247.0 (±0.4%)
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Table 2.10 – BEP measurements for the three tested pumps in the turbine mode for absolute
N values between 1′500 min−1 and 3′000 min−1. Values inside parentheses indicate the total
relative errors. Note: * BEP not measured due to discharge limitations in the test-rig.
Pump ID N (min−1) T (N ·m) P (kW) ηT (%)
nq = 23.1
1′500 (±0.4%) 5.1 (±2.9%) 0.8 (±0.1%) 68.1 (±3.5%)
1′800 (±0.3%) 7.7 (±1.9%) 1.5 (±0.2%) 69.8 (±2.5%)
2′100 (±0.3%) 11.1 (±1.4%) 2.4 (±0.2%) 70.7 (±1.9%)
2′400 (±0.2%) 14.6 (±1.0%) 3.7 (±0.2%) 70.9 (±1.5%)
2′701 (±0.2%) 16.4 (±0.9%) 4.6 (±0.2%) 72.0 (±1.4%)
3′001 (±0.2%) 20.8 (±0.7%) 6.5 (±0.3%) 72.3 (±1.2%)
nq = 41.0
1′499 (±0.4%) 3.6 (±4.2%) 0.6 (±0.1%) 61.1 (±4.7%)
1′800 (±0.3%) 4.2 (±3.5%) 0.8 (±0.1%) 63.8 (±3.9%)
2′100 (±0.3%) 6.1 (±2.5%) 1.3 (±0.1%) 65.8 (±2.8%)
2′402 (±0.2%) 8.2 (±1.8%) 2.1 (±0.1%) 67.1 (±2.2%)
2′703 (±0.2%) 9.0 (±1.7%) 2.5 (±0.1%) 67.5 (±2.0%)
3′005 (±0.2%) 11.8 (±1.3%) 3.7 (±0.2%) 69.2 (±1.6%)
nq = 67.3
1500 (±0.4%) 7.2 (±2.1%) 1.1 (±0.2%) 68.2 (±2.6%)
1′801 (±0.3%) 10.2 (±1.5%) 1.9 (±0.2%) 69.4 (±1.9%)
2′100 (±0.3%) 13.4 (±1.1%) 2.9 (±0.3%) 69.4 (±1.5%)
2′401 (±0.2%) 17.2 (±0.9%) 4.3 (±0.3%) 69.8 (±1.2%)
2′701 (±0.2%) 23.8 (±0.6%) 6.7 (±0.4%) 70.7 (±0.9%)*
3′000 (±0.2%) 21.2 (±0.7%) 6.7 (±0.3%) 69.3 (±0.9%)*
Table 2.11 – BEP measurements for the three tested pumps in the turbine mode for absolute
N values between 1′500 min−1 and 3′000 min−1. Values inside parentheses indicate the total
relative errors.
Pump ID N (min−1) nED (−) QED (−) TED (−)
nq = 23.1
1′500 (±0.4%) 0.14 (±0.9%) 0.19 (±1.9%) 0.14 (±3.0%)
1′800 (±0.3%) 0.14 (±0.7%) 0.19 (±1.6%) 0.15 (±2.0%)
2′100 (±0.3%) 0.14 (±0.5%) 0.19 (±1.3%) 0.15 (±1.4%)
2′400 (±0.2%) 0.14 (±0.4%) 0.19 (±1.1%) 0.15 (±1.1%)
2′701 (±0.2%) 0.15 (±0.4%) 0.19 (±1.0%) 0.15 (±1.0%)
3′001 (±0.2%) 0.14 (±0.3%) 0.19 (±0.9%) 0.15 (±0.8%)
nq = 41.0
1′499 (±0.4%) 0.17 (±1.2%) 0.25 (±2.0%) 0.14 (±4.4%)
1′800 (±0.3%) 0.18 (±1.0%) 0.24 (±1.7%) 0.14 (±3.7%)
2′100 (±0.3%) 0.18 (±0.7%) 0.25 (±1.4%) 0.14 (±2.5%)
2′402 (±0.2%) 0.18 (±0.6%) 0.25 (±1.2%) 0.15 (±1.9%)
2′703 (±0.2%) 0.19 (±0.5%) 0.25 (±1.1%) 0.14 (±1.7%)
3′005 (±0.2%) 0.19 (±0.4%) 0.25 (±1.0%) 0.14 (±1.3%)
nq = 67.3
1′500 (±0.4%) 0.23 (±1.4%) 0.39 (±1.6%) 0.19 (±2.5%)
1′801 (±0.3%) 0.23 (±1.0%) 0.39 (±1.2%) 0.19 (±1.8%)
2′100 (±0.3%) 0.23 (±0.8%) 0.39 (±0.9%) 0.18 (±1.3%)
2′401 (±0.2%) 0.24 (±0.6%) 0.39 (±0.7%) 0.18 (±1.0%)
2′701 (±0.2%) 0.23 (±0.5%) 0.39 (±0.6%) 0.19 (±0.8%)
3′000 (±0.2%) 0.25 (±0.5%) 0.39 (±0.6%) 0.17 (±0.8%)
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3 Pressure ﬂuctuations in off-design
operation
This chapter corresponds to the research paper:
J. Delgado, E. Vagnoni, D.I.C. Covas and F. Avellan (2018), Experimental evidence of pressure
ﬂuctuations during off-design operation of a centrifugal pump running as turbine. Submitted
to Renewable Energy, Elsevier.
Author contribution: The author performed the experiments, the pressure data analysis and
the comparison between the image processing data analysis and the pressure measurements.
Abstract
Pumps running as turbines (PAT) are suitable hydraulic machines for energy recovery
in water supply systems (WSS). The reduced efﬁciency far from the best efﬁciency
point (BEP), coupled with the daily discharge variation of WSS requires a ﬂow control
strategy aiming at improving the PAT performance. This control strategy is deﬁned
to guarantee the PAT operation in a discharge range near BEP. Severe pressure ﬂuc-
tuations may be developed if the PAT is operated in off-design conditions (i.e., far
from the BEP). This paper presents the experimental investigation carried out for
characterising the pressure ﬂuctuations developed during the part load and the full
load operation of a single-stage centrifugal PAT. Dynamic pressure measurements and
the ﬂow visualisation in the PAT draft tube are performed to investigate the pressure
ﬂuctuations in the part load and in the full load operating conditions. The ﬂuctuations
in the part load are caused by a cavitation vortex rope, which is developed in the
PAT draft tube. The pressure ﬂuctuations during the full load operation are strongly
dependent on the back-pressure values. Obtained results show that, for this PAT, the
operation should be limited to a range of 85% to 100% of the discharge at the BEP, to
avoid the onset of pressure ﬂuctuations.
Keywords: Pumps running as turbines, off-design operation, pressure ﬂuctuation,
vortex rope cavitation, image processing.
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3.1 Introduction
The use of pumps running as turbines (PATs) for energy recovery in pressurised water
supply systems (WSS) is an investigation subject that has engaged the hydropower
research community in the past years. This rising interest stems from the replacement
of existing pressure dissipation devices (e.g., pressure reducing valves and control
valves at the inlet of storage tanks [19, 29, 134]) by energy recovery systems. Thus,
an opportunity arises for the development of micro hydropower plants that can
simultaneously control the pressure in the WSS, while efﬁciently recovering energy.
The installation of such power plants needs to comply with the requirements for
maintaining the adequate water supply to the population [14].
PATs are pointed as a low-cost alternative to custom-made turbines, as these hydraulic
machines feature high efﬁciency near the best efﬁciency point (BEP) and are imme-
diately available for a wide range of discharge and head values [59]. However, the
absence of a component for the inlet ﬂow control components results into sharp
efﬁciency decrease in off-design operation [140]. This corresponds to the operating
conditions where the discharge is lower or higher than the value at the BEP, the part
load and the full load operating conditions, respectively. Such limitation is especially
relevant in WSS, as these systems are characterised by a daily discharge variation [47],
hindering the PAT operation at constant discharge near the BEP.
The operation of several units in parallel or the inlet discharge control using a hydraulic
bypass are examples of typical strategies used to increase the overall efﬁciency of a
PAT hydropower plant [15, 106]. These strategies rely on a ﬂow rate control setup,
generally through the operation of several valves, where the discharge is distributed so
that every PAT of the power plant operates near the BEP. The control settings for these
operation strategies are usually deﬁned taking into account the PAT performance
characteristics, neglecting eventual instabilities caused by the off-design operation.
CFD numerical simulations evidence the development of complex ﬂows inside the
PAT, when themachine is operated far from the BEP [86, 87]. Firstly, a ﬂow detachment
has been observed at the pressure side and the suction side of the impellers blade
leading edges1, respectively for the part load and the full load conditions. Secondly, the
interaction between the impeller blades and the volute tongue induces an asymmetric
pressure ﬁeld, which triggers an unsteady radial load in the impeller, with a frequency
value corresponding to the blade passing frequency. This unsteady component can
achieve values up to 50% of the stationary load for the full load operation. Finally,
authors [86, 87] report a tangential ﬂow velocity component in the PAT draft tube. This
tangential ﬂow component induces a swirling ﬂow in the same and in the opposite
runner rotating direction, respectively for the part load and the full load operation. If
the stationary pressure in the PAT draft tube is too low, a cavitation swirling ﬂow is
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developed. This cavitation ﬂow is associated with the development of strong pressure
ﬂuctuations [141], which are reported both for straight and diffuser draft tubes [110].
Jain et al. [142] reported the increase of vibrations caused by the PAT operation
with cavitation in the draft tube, volute and bearings. However, the development of
pressure ﬂuctuations in PATs is an issue that, to the authors’ knowledge, has never
been addressed.
The development of pressure ﬂuctuations induced by the off-design operation has
been extensively investigated in Francis turbines, as the integration of intermittent
renewable energy sources in the electrical network requires a higher ﬂexibility in
the operation of hydropower plants for the electric grid stabilisation [143, 144]. Two
examples of unstable ﬂows are due to the part load and full load vortex ropes that are
developed in the turbine draft tube [145]. Note that,like Francis turbines, PATs are
radial ﬂow reaction hydraulic machines.
During the part load operation, the ﬂow at the turbine outlet features a helical cav-
itation vortex rope with a precessing motion between 0.2 to 0.4 times the runner
rotating frequency [146]. The interaction between the vortex precessing motion and
the draft tube elbow triggers a pressure ﬂuctuation characterised by a convective and
by a synchronous components [147]. The convective nature component, which is
only observed in the draft tube, is created by the rotation of the pressure ﬁeld with
the vortex core precession and is quasi-independent on the back-pressure level [111].
The synchronous component propagates through the entire hydraulic system and,
its amplitude is associated with the response of the system to the pressure excitation
source [148]. The growth of a vapour cavity vortex rope decreases the wave speed
at the draft tube, which reduces the hydraulic system eigenfrequencies [149]. Such
decrease may lead to resonance onset if the eigenfrequency of the hydraulic system
matches the precession frequency of the cavitation vortex rope, which may onset dan-
gerous pressure ﬂuctuations. Favrel et al. [112] present a methodology for predicting
the operating conditions where resonance occurs based on the Swirl number at the
turbine runner outlet.
During the full load operation, the Francis turbine features an axisymmetric cavitation
vortex rope, which plays a key role in the development of severe self-sustained pressure
ﬂuctuations [113]. This cavitation ﬂow induces the periodic ﬂuctuations of parameters
such as the pressure, the torque, the shaft power, the ﬂow swirl number in the turbine
outlet, and the vortex rope volume [114]. The dependence of the periodic ﬂuctuations
on the back-pressure levels and, consequently, on the vapour volume, suggests that the
system self-excites at its eigenfrequencies [150]. The physical mechanisms governing
1Note that the impeller blades leading edge change between the operation in the pump and in the turbine
mode, as it depends on the direction of the ﬂow. This publication discusses the turbine mode. Therefore, the
impeller blades leading edge refer to the edges of the impeller high pressure section.
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the development of the pressure ﬂuctuations are still an on-going research topic.
There is a lack of research about the development of pressure ﬂuctuations during
the operation of PATs in off-design conditions. This research paper aims at providing
additional insights into this phenomenon based on an experimental research. The
main objective is the investigation of characteristics of the pressure ﬂuctuations
developed in the part load and in the full load operation and the identiﬁcation of the
operating regions where these pressure ﬂuctuations occur. For this purpose, dynamic
pressure measurements at both sides of the PAT and the high speed ﬂow visualisation
in the PAT draft tube are performed. The experimental setup and the investigated
operating points are outlined in Section 3.2. The procedures for analysing the pressure
measurements and the methodology developed for the image processing applied to
the ﬂow visualisation in the PAT draft tube are presented in Section 3.3. Obtained
results are presented and discussed in Section 3.4. Finally, the main conclusions and
the future perspectives are outlined in Section 3.5.
3.2 Experimental setup
3.2.1 Test-rig and measurement equipment
The experimental investigation is performed in the closed loop test-rig of the Labora-
tory of Hydraulics and Environment at Instituto Superior Técnico, Universidade de
Lisboa (Figure 3.1). Two feed pumps, installed at a lower level, supply the required
hydraulic power to the tested PAT. Each feed pump is equipped with a variable speed
drive (VSD) to control the discharge at the PAT high pressure section. The maximum
pumping power (2×15 kW) allows operating the test-rig up to 40 l · s−1. The PAT is
installed between two pressure vessels in the upper-level of the test-rig. The high
pressure vessel aims at damping the ﬂow oscillation, caused by the feed pumps, for
providing stable ﬂow conditions to the PAT high pressure section. The low pressure
vessel is used to control the PAT back-pressure level using compressed air. The PAT is
equipped with a 350 mm length Plexiglas straight pipe assembled at the machine low
pressure side for ﬂow visualisation. The rotational speed of the PAT is controlled by a
four-quadrants VSD.
The test-rig is equipped with a data acquisition system for measuring the PAT sta-
tionary performance, capturing the dynamic pressure at both sides of the PAT and to
perform the high speed ﬂow visualisation in the PAT draft tube. The location and the
characteristics of the measurement equipment are given in Figure 3.2 and Table 3.1,
respectively.
The stationary data acquisition system is used to measure, in a preliminary stage,
the determine the PAT variable speed efﬁciency hill chart. The measured hydraulic
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Figure 3.1 – Test-rig assembled for the experimental investigation. The high speed visualisation
setup is shown in 4.
Table 3.1 – Measurement equipment characteristics.
ID Measurement Range Units Accuracy
Q Discharge 0 − 0.04 m3· s−1 0.40% of span
Δp1 Differential pressure 1 0 − 7.5 bar 0.14% of span
Δp2 Differential pressure 2 -0.2 − 2.1 bar 0.14% of span
T Torque -50 − 50 N·m 0.30% of upper limit
n Runner rotating frequency 0 − 50 s−1 0.20% of span
θ Temperature 0 − 100 ◦C 0.30% of span
Psup Active power -10 − 10 kW 0.50% of upper limit
Qsup Reactive power -10 − 10 kVAr 2.00% of upper limit
p1 Gauge pressure 1 0 − 6.0 bar 1.00% of span
p2 Gauge pressure 2 0 − 2.5 bar 1.00% of span
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Figure 3.2 – Measurement equipment and high speed camera setup.
parameters are the discharge Q, the water temperature θ and two differential pressure
measurements Δp1 and Δp2. The mechanical performance is determined by measur-
ing the torque T and the runner rotating frequency n. Finally, the supplied active and
reactive electric power Psup and Qsup, respectively, are monitored for controlling the
PAT operating point. Data are acquired simultaneously with a sampling frequency
of 5′000 Hz during a 20 s time window. Average and standard deviation values are
registered for the computation of the PAT stationary performance.
Two gauge pressure transducers are installed for measuring the dynamic pressure
in the high and in the low pressure sections of the PAT, p1 and p2, respectively. The
ﬁrst sensor is installed at 2×D1 of the PAT inlet. The transducer installed at the low
pressure section is located at 5.5×D2 of the PAT outlet (see Figure 3.2). D1 and D2
represent the diameters of the PAT volute ﬂanges at the high and low pressure sections,
respectively. The pressure data acquisition is performed at 5′000 Hz during 10 s.
The ﬂow visualisation is carried out using a high speed camera (Microtron EoSens
3CL equipped with a Sigma 24-70 mm lens) assembled above the Plexiglas pipe (see
Figure 3.1). The camera provides a resolution of 800 pixels×400 pixels, representing
a window of 0.2 m×0.1 m. On the opposite side of the Plexiglas pipe, a LED backlight
is installed for increasing the contrast between the water and the vapour phases. The
backlight consists of a panel with dimensions of 0.6 m×0.3 m and an illuminance
of 10′200 lm ·m−2. The acquisition is performed synchronously with the pressure
measurements with a sampling frequency of 1′000 Hz during 10 s.
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3.2.2 Investigated operating points
The experimental investigation is carried out in a single-stage end-suction centrifu-
gal pump with a unit speciﬁc speed of nq =N ×
(
Q1/2/H3/4
)= 67.3, where N is the
rotational speed in min−1, Q is the discharge in m3 · s−1 and H is the head in m. The
previous value is calculated based on the rated rotational speed, discharge and head
in pump mode, namely NPR = 2′910 min−1, QPR = 0.03 m3 · s−1 and HPR = 14.6 m. The
impeller features 6 blades. Preliminary measurements are carried out for charac-
terising PAT performance hill chart. The speciﬁc hydraulic energy E is deﬁned by
Equation (3.1). However, according to the measurement setup given in Figure 3.2, this
parameter can be computed by Equation (3.2) [99]. Accordingly, the efﬁciency in the
turbine mode ηT, deﬁned by the ratio between the shaft power P and the hydraulic
power Ph, is given by Equation (3.3).
E = pabs,1−pabs,2(
ρ1+ρ2
)
/2
+ C
2
1 −C22
2
+ g (z1− z2) (3.1)
E = Δp1
ρ2
+ C
2
1 −C22
2
(3.2)
ηT = P
Ph
= 2πnT
ρ1QE
(3.3)
where pabs is the absolute pressure, C is the average ﬂow velocity, z is the elevation
and ρ is the water density, which is computed based on the pressure and the water
temperature [99]. Subscripts 1 and 2 refer to the high pressure and low pressure
measurement sections, respectively.
The performance of the PAT can be represented by the non-dimensional IEC factors
of speed and discharge, nED , QED , respectively, which are deﬁned by [99]:
nED = nD
E
QED = Q
D2

E
(3.4)
where D = 0.08 m is the reference diameter deﬁned by the value at the pump low
pressure ﬂange internal diameter.
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The net positive suction energy NPSE is deﬁned by Equation (3.5). However, accord-
ing to the measurement setup of Figure 3.2, NPSE is determined by Equation (3.6)
[99].
NPSE = pabs,1−pva
ρ2
+ C
2
2
2
− g (zref− z2) (3.5)
NPSE = Δp2+pamb−pva
ρ2
+ C
2
2
2
(3.6)
where pva is the vapour pressure, which is a function of the temperature θ [99], pamb
is the ambient pressure, and zref is the elevation at the pump reference section (shaft
elevation). Accordingly, the PAT cavitation conditions are monitored using both the
Thoma number σ, and the local cavitation coefﬁcient χnD , which are deﬁned by
Equations (3.7) and (3.8), respectively. The local cavitation coefﬁcient χnD describes
similar cavitation characteristics for different values of the rotational speed.
σ= NPSE
E
(3.7)
χnD = p2−pva
ρ2n2D2
(3.8)
The operating points measured for determining the PAT stationary performance in
the turbine mode are shown in Figure 3.3. These operating points are given by the
variation of the nED and the ηT as a function of QED . Measurements are performed
for constant N values between 1′500 min−1 and 3′000 min−1, with steps of 300 min−1.
Results in this ﬁgure show that the BEP is achieved for a QBEPED = 0.392, for all N values,
being the maximum efﬁciency ηTBEP = 70.8%. The variable speed efﬁciency hill chart
of this PAT, which is illustrated in Figure 3.4 shows the isolines of the speciﬁc energy E
and of the efﬁciency ηT with respect to the discharge Q and the rotational speed N .
This hill chart makes evident the existence of a best efﬁciency ridge line, which sepa-
rates the operation zones in the part load and in the full load conditions. The part load
operation zones are obtained for discharge values lower than the discharge in the best
efﬁciency ridge line, for every value of rotational speed; while the full load operation
zones are found for discharge values higher than the discharge values corresponding
to the best efﬁciency ridge line, for each rotational speed value.
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Figure 3.3 – Measured operating points of the stationary PAT performance in the turbine mode
given by the variation of nED and ηT with respect to QED . Details a to g indicate the QED
constant values used to deﬁne the operating points for investigating the pressure ﬂuctuations.
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Figure 3.4 – PAT variable speed hill chart performance of E and ηT as a function of N and Q
with the indication of the operating points for investigating the pressure ﬂuctuations. The
white line represents the best efﬁciency ridge line.
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Table 3.2 – Measured operating points for investigating the pressure ﬂuctuations.
N
(
min−1
)
QED (−) χnD (−) Tests
3′000 0.388, 0.384, 0.376, 0.365(2), 0.350(2), 0.315(2) 7.5, 10.0, 12.5, 14.0(3) 24 tests
2′700 0.388, 0.384, 0.376 7.5, 10.0, 12.5, 15.0 12 tests
2′400 0.395(1), 0.388, 0.384, 0.376 10.0, 12.5, 15.0, 17.5 16 tests
2′100 0.395(1), 0.388, 0.384, 0.376 10.0, 12.5, 15.0, 17.5 16 tests
(1) Full load operating points
(2) Deep part load operating points
(3) Maximum back-pressure for this rotational speed due to sensor range.
The selected operating points for characterising the pressure ﬂuctuations aim at
mapping the part load and the full load operating conditions with relative efﬁciency
values with respect to the BEP ηT/ηTBEP > 85%. These operating points are shown in
Figure 3.4. The operating points are selected based on constant QED values, which are
indicated in Figure 3.3, for different rotational speed values.
The full load operating conditions, corresponding toQED = 0.395 are only investigated
for N = 2′100 min−1 and N = 2′400 min−1 due to discharge limitations in the test-
rig. The part load conditions are measured for N values between 2′100 min−1 and
3′000 min−1 with constant QED values of 0.388, 0.384 and 0.376. Furthermore, the
deep part load region is captured for N = 3′000 min−1 and QED values of 0.365, 0.350
and 0.315, for validating the image processing method for tracking the cavitation
vortex precessing motion, which is described in Section 3.3.2.
Each operating point is investigated for four back-pressure levels, given by constant
χnD values. The minimum χnD value is limited by the atmospheric pressure in the
low pressure vessel (see Figure 3.1). Overall, the experimental investigation consists
of 68 operating points, as summarised in Table 3.2.
3.3 Methodology
3.3.1 Pressure ﬂuctuation and spectral analysis
The dynamic pressure measurements at a given section i are described by the non-
dimensional pressure coefﬁcient with respect to the speciﬁc hydraulic energy, Cp,i , as
deﬁned in Equation (3.9). This parameter is used to normalise all pressure variations
with respect to E .
Cp,i = pi − p¯i
ρi E
(3.9)
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where p¯i is the average pressure at section i , and i = 1 or 2 refer to the high and low
pressure sections, respectively (see Figure 3.2).
The spectral analysis of the measurements is performed. The auto-spectral density
function Gxx(X ) of a given measurement X is computed based on the Welch method
using a Hanning window [151]. The signal is sub-divided into 10 time histories, each
with 5′000 samples (corresponding to 1 s per window) with 25% overlap for avoiding
leakage. The corresponding resolution of the spectral analysis is 1 Hz. The cross-
spectral density and coherence functions, Gxy and Cxy , respectively, are computed
using the same window, to investigate the energy transfer between the high and the
low pressure sections of the PAT [152].
3.3.2 Cavitation vortex rope image processing
An image processing method is developed to determine the precession of the cav-
itation vortex rope, as summarised in the ﬂow chart of Figure 3.5. This method is
a particle tracking based technique implemented in Python using the open source
library scikit-image for the vortex core detection [153] and the library trackpy for
tracking the vortex core position [154]. Applications similar to this method can be
found in [155, 156].
The images are trimmed and ﬁltered using an adaptive Gaussian thresholding ﬁlter
[157] to identify the edge of the vortex in contrast with the bright background, as
shown in Figure 3.6. The analysed target area of the vortex (cropped image of 100 px)
should be small enough to ensure that the velocity ﬁeld of the vortex is homogeneous
along the considered length. A ﬁlling function [158] is applied to guarantee the
homogeneity of the internal white area of the vortex in contrast to the homogeneous
black background (Figure 3.6). The vortex corresponds to the area that satisﬁes the
condition Amin < x < Amax, where Amin and Amax are the lower and upper bounds of
the areas range corresponding to the cavitation vortex in the image. These values are
tuned for each operating point based on the distribution of the areas of the identiﬁed
white patterns. The lower bound is ﬁxed to avoid that the algorithm erroneously
considers more than one pattern, in case the ﬁltering separates the vortex into two or
more parts. The upper bound allows discarding errors due to the ﬁlling function.
The successive positions of the vortex center of mass in each frame are linked so that
the radial displacement and the velocity of the vortex are computed. The precessing
frequency of the cavitation vortex rope fPVC is the value corresponding to the maxi-
mum amplitude observed by the auto-spectrum density function of the tangential
velocity or radial displacement time history.
Finally, the methodology is validated by comparing the Strouhal number of the pre-
61
Chapter 3. Pressure ﬂuctuations in off-design operation
Image acquisition
Image trimming, 
filtering and filling holes
 Amin< x < Amax
False
Discard x
Save x and its 
coordinates
True
Search x in the 
following image
Compute 
the velocity
Plot velocity field
Save the 
displacement
Figure 3.5 – Flow chart of the image processing method for tracking the vortex. x represents
the area of the white pattern of interest in the image to feature the vortex. This ﬂow chart
corresponds to methodology applied to each frame.
cessing frequency StPVC, deﬁned by Equation (3.10), and the Swirl number at the PAT
draft tube S, deﬁned by the ratio between the axial ﬂux of angular momentum and
the axial ﬂux of axial momentum [159], as deﬁned in Equation (3.11).
StPVC = fPVCD
3
Q
(3.10)
S =
∫R
0 Cm ·Cu · r 2 ·dr
R
∫R
0 C
2
m · r ·dr
(3.11)
whereCm andCu are the time-averaged axial and tangential ﬂow velocity components
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Figure 3.6 – Image processing method example applied to the target area (corresponding to
100 px). (a) identiﬁcation of the cavitation vortex edges; (b) application of the ﬁlter for the
ﬁlling function.
and R is the radius of the section. The experimental setup does not allow measuring
the time history of Cm and Cu . Thus, the Swirl number is estimated by the analytical
formula given in Equation (3.12) [112].
S = nED π
2
8
(
1
QED
− 1
QS=0ED
)
(3.12)
where QS=0ED is the discharge factor corresponding to the swirl-free ﬂow conditions,
which is assumed to be QS=0ED = 0.392, which correspond to the BEP.
The method described in Figure 3.5 is also used to record the time history of the vortex
diameter, except that the successive images are not cropped. The diameter at each
column of pixels D j is given by the sum of the white pixels at the respective column.
Thus, the diameter of the cavitation vortex rope Drope is assumed to be the average
value of the measured diameters in all columns of pixels, namely:
Drope = 1
n
n∑
j=0
D j (3.13)
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3.4 Results and discussion
3.4.1 Preliminary analysis
The pressure ﬂuctuations developed during off-design operation are signiﬁcantly
inﬂuenced by the relative discharge Q/QBEP and the back-pressure χnD , as illustrated
in Figure 3.7. Data shown in this ﬁgure refer to the pressure coefﬁcient Cp,2 time
history with respect to the runner revolutions. The operating points are described
by N = 2′400 min−1, with QED values of 0.395, 0.388, 0.384, and 0.376 (which refer to
Q/QBEP values of 1.07, 0.93, 0.84 and 0.76, respectively). Each operating point is shown
forχnD values of 10.0 and 17.5. The rootmean square (RMS) of the pressure coefﬁcient,
given by Equation (3.14), are also indicated in Figure 3.7.The corresponding ﬂow
visualisation in the PAT draft tube and the auto-spectrum density function of the
pressure coefﬁcient at the PAT outlet Gxx(Cp,2), for each operating point shown in
Figure 3.7 are presented in Figures 3.8 and 3.9, respectively.
CRMSp,2 =
√√√√ 1
Nsamples−1
Nsamples∑
j=1
(
Cp,2
)2 (3.14)
where Nsamples is the total number of samples.
The full load operation features, for the minimum back-pressure value χnD = 10.0,
the highest pressure ﬂuctuation amplitude, with the main frequency values in the
range of 1.8 to 2.5 times the runner frequency. This amplitude is signiﬁcantly re-
duced by increasing the back-pressure (see Figure 3.9). The operating point with the
highest amplitude corresponds to the onset of spontaneous mass ﬂows of vapour
bubbles in the PAT draft tube. This vapour is likely to arise from the ﬂow separation in
the impeller blades leading edge, though experimental data do not allow drawing a
clear conclusion. This vapour ﬂow is not observed for higher back-pressure values
(see Figure 3.8), which could be related to the decrease of the pressure ﬂuctuation
amplitude.
The pressure ﬂuctuation amplitude is signiﬁcantly reduced for the Q/QBEP values
of 0.93 and 0.84. The CRMSp values are approximately constant for the two operating
points. The ﬂow visualisation evidences a slight development of a cavitation vortex
rope for the operating point corresponding to Q/QBEP = 0.84 and χnD = 10.0, though
there is no surge evidence in the pressure ﬂuctuation amplitude. As a ﬁnal note, the
pressure ﬂuctuation induced by the operation with a 7% discharge deviation from the
BEP is more severe in the full load compared to the part load operation.
As the discharge decreases, the vortex rope increases in size, as shown in Figure 3.8.
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Figure 3.7 – Time history of the pressure coefﬁcient measured in the low pressure section Cp,2
with respect to the runner revolutions. The operating points correspond to Q/QBEP values of
1.07, 0.93, 0.84 and 0.76 and N = 2′400 min−1 (thus, 1 rev = 0.025 s). The operating points are
given for two constant back-pressure levels, deﬁned by: (a) χnD = 10.0; (b) χnD = 17.5.
Firstly, this operating point, corresponding to Q/QBEP = 0.76 features a higher pres-
sure ﬂuctuation amplitude compared to the operating points Q/QBEP = 0.93 and
Q/QBEP = 0.84. Secondly, the spectral analysis makes apparent a frequency compo-
nent for values lower than the runner rotating frequency, and a second contribution
in the range of 2 to 4 times the runner rotating frequency. Thirdly, the corresponding
amplitude seems to be unaffected by the back-pressure. Finally, the ﬂow visualisation
in the PAT draft tube (Figure 3.8) evidences that the cavitation vortex rope diameter
increases with decreasing back-pressure value.
3.4.2 Part load operation
Cavitation vortex rope
The image processing method for tracking the cavitation vortex radial displace-
ment is illustrated in Figure 3.10, for the operating point described by QED = 0.376,
N = 2′400 min−1 and χnD = 17.5. Data shown in this ﬁgure present the time history of
the radial displacement and the corresponding auto-spectrum density function.
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Figure 3.8 – Flow visualisation in the PAT draft tube for N = 2′400 min−1 and Q/QBEP values of
1.07, 0.93, 0.84 and 0.76. Each operating point is shown for two constant χnD values of 10.0
and 17.5.
(a) (b)
Figure 3.9 – Waterfall plot of the auto-spectrum density functions of the pressure coefﬁcient
at the low pressure side Gxx
(
Cp,2
)
for the operating points corresponding to N = 2′400 min−1
and Q/QBEP values of 1.07, 0.93, 0.84 and 0.76. Each waterfall plot correspond to a constant
value of back-pressure deﬁned by: (a) χnD = 10.0; and (b) χnD = 17.5.
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Figure 3.10 – Image processing of the cavitation vortex rope precessing motion. The radial
displacement of the vortex y is compared with six snapshots during one period of the precess-
ing motion T = 1/24.9 = 0.04 s identiﬁed by the details (i) to (vi) in the time history chart. The
operating point corresponds to QED = 0.376, N = 2′400 min−1 and χnD = 17.5.
The comparison between the vortex displacement time history and the ﬂow visu-
alisation, during one rotation period, makes apparent that the method is capable
of tracking the vortex centre of mass inside the target area (see details (i) to (vi) in
Figure 3.10). The frequency corresponding to the maximum amplitude observed in
the auto-spectrum density function corresponds to the precessing frequency of the
cavitation vortex rope fPVC. The wide band of frequency values near the fPVC value
of the auto-spectrum density functions given by the image processing method is
explained by the limitations on the precise identiﬁcation of the vortex edges, leading
to small deviations between the real and the identiﬁed measured position of the vortex
centre of mass, for each frame
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This procedure is repeated for the operating points ofQED ≤ 0.376 and N = 3′000 min−1.
Results for these operating points are summarised in Figure 3.11. The precessing
frequency fPVC increases linearly by decreasing the relative discharge Q/QBEP .The
Strouhal number of the precessing frequency StPVC increases linearly with increasing
swirl number S. Similar outcomes are reported in [112] for a swirling ﬂow at the outlet
of a Francis turbine during the part load operation, which validates the capability of
the image processing method to identify fPVC. The dispersion of the results shown
in Figure 3.11 is caused by: (i) the uncertainty associated with the tracking method;
(ii) the Thoma number σ variation; and (iii) the inﬂuence of the Froude number
Fr =√E/(gD), which cannot be kept constant.
(a)
(b)
Figure 3.11 – Analysis of the precessing frequency of the cavitation vortex rope for the op-
erating points corresponding to N = 3′000 min−1: (a) inﬂuence of the relative discharge on
the precessing frequency; (b) Inﬂuence of the Swirl number on the Strouhal number of the
precessing vortex core. The colours of the scatter points in both charts are scaled by the Thoma
number σ.
As a ﬁnal remark, this image processing method is used for the identiﬁcation of
the vortex precessing motion, as the measurement setup is not provided with two
pressure transducers installed in the same measurement section and separated by
90◦. This setup allows computing the phase difference between two spectral signals,
for instance as in [111], and provide more accurate results.
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Spectral analysis of pressure measurements
The auto-spectrum density functions of the pressure coefﬁcients at the high and
low pressure sections, Gxx(Cp,1) and Gxx(Cp,2) for the operating points given by
QED = 0.376, N = 2′400 min−1 and χnD values of 10.0, 12.5, 15.0 and 17.5 show three
different contributions to the pressure ﬂuctuation, as presented in Figure 3.12. The
ﬁrst component, f0 (see detail 1 in Figure 3.12) is of synchronous nature, which propa-
gates through the entire hydraulic circuit. This feature is observed by the coherence
function between the p1 and p2 measurements, which are given in Figure 3.13 for the
χnD values of 10.0 and 17.5.
1)
1)
2)
3)
(a) (b)
Figure 3.12 – Waterfall plot of the auto-spectrum density functions of the pressure coefﬁcients:
(a) in the high pressure section Gxx
(
Cp,1
)
; and (b) in the low pressure section Gxx
(
Cp,2
)
. Each
chart shows the operating points shown corresponding to N = 2′400 min−1 and QED = 0.376.
All operating points are shown for χnD values of 10.0, 12.5, 15.0 and 17.5.
The second component f1 (see detail 2 in Figure 3.12) is usually observed in upper
part load regimes. This component is only detected in the low pressure side of the
PAT and depends on the back-pressure, which could be explained by the reﬂection of
the pressure waves in the low pressure vessel. The back-pressure increase is created
by the admission of compressed air in the vessel, which increases the vessel capaci-
tance2[101]. Such increase results in a higher frequency of the pressure wave vibration.
Nevertheless, the collected data are not enough to draw additional conclusions and
further research is required.
Finally, the third contribution (see detail 3 in Figure 3.12) corresponds to the blade
passing frequency, as the PAT impeller is composed of 6 blades. This component,
which is observed in all operating points, is caused by the interaction between the
2The capacitance of an air pressure vessel is deﬁned by CPV =Vg/
(
hgng
)
, being Vg and hg the volume and the
head of the gas inside the vessel, respectively, and ng the coefﬁcient of the polytropic gas equation (see pp. 89 in
[101]).
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volute tongue and the impeller blades leading edge. This frequency component is
only observed in the PAT high pressure measurement section.
C
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Figure 3.13 – Identiﬁcation of the synchronous frequency f0 by the computation of the
auto-spectrum density functions Gxx(Cp,1) and Gxx(Cp,2), coherence function Cxy and
cross-spectrum density Gxy between Cp,1 and Cp,2. The frequency values fA = 0.68×n and
fB = 1.00×n represent the f0 values found for χnD = 10.0 and χnD = 10.0, respectively.
The inﬂuence of local cavitation coefﬁcient on the average vortex rope diameter Drope
and on the observed frequency values, fPVC, f0 and f1, for the operating points pre-
sented in Figure 3.12, is summarised in Figure 3.14. The fPVC values are approximately
constant regardless of the local cavitation coefﬁcient. In contrast, the f0 and f1 values
increase quasi-linearly with the increase of the local cavitation coefﬁcient. The reduc-
tion of Drope and the propagation of the pressure waves to the upstream side of the
PAT conﬁrm that f0 can be identiﬁed as one of the eigenfrequencies of the hydraulic
system. The decrease of the vapour volume leads to an increase in the wave speed of
the pipe at the PAT downstream, which increases the value of the eigenfrequencies of
the system [149].
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The hypothesis on the nature of the f1 ﬂuctuations requires further validation, as
the collected data are not sufﬁcient to corroborate this conclusion. Additional data
collected between the PAT low pressure section and the pressure vessel, together with
the eigenfrequency analysis of the hydraulic system are required for validating this
hypothesis.
The vortex precessing frequency is not detected in the pressure measurement spectral
analysis. This could be justiﬁed by the location of the pressure measurement section
(L = 5.5×D2 downstream the PAT outlet), whose distance is signiﬁcantly higher than
in the experimental setups in [110, 112]. It is worth to notice that this pressure ﬂuctu-
ation component is of convective nature, and therefore, is quickly dissipated in the
hydraulic system.
ro
p
e
PVC
Figure 3.14 – Inﬂuence of the local cavitation coefﬁcient χnD on the cavitation vortex rope
diameter Drope and on the frequency values fPVC, f0 and f1 identiﬁed in the ﬂow visualisation
image processing and in the spectral analysis of the pressure measurements.
3.4.3 Full load operation
The auto-spectrum density functions Gxx(Cp,1) and Gxx(Cp,2) for the full load oper-
ating conditions with respect to N = 2′400 min−1 and N = 2′100 min−1 are presented
in Figures 3.15 and 3.16, respectively. Despite the two operating points refer to
QED = 0.395, the Q/QBEP values correspond to 1.07 and 1.17, respectively for the
N values aforementioned.
Contrarily to the part load operation, the full load operating conditions only show the
contribution to the pressure ﬂuctuation for f ≥ 2×n. At the PAT low pressure side,
the measured frequency values are in the range of 2 to 4 times the runner rotating
frequency, where the maximum frequency is increasing with the increase of back-
pressure. Moreover, the maximum amplitude is signiﬁcantly reduced, as the back-
pressure increases.
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On the high pressure side of the PAT, the observed frequency values are in the range of
2 to 6 times the runner rotating frequency, where the maximum amplitude is observed
at higher frequency values, compared to the spectral analysis of the measurements in
the low pressure section. The amplitude of the pressure ﬂuctuations is hardly affected
by the back-pressure parameter χnD .
The non-coincidence of the frequency ranges at both sides of the PAT suggests that
the pressure ﬂuctuations measured in the full load operation are not related with the
excitation of the hydraulic system eigenfrequencies. Thus, the physical mechanisms
of the pressure ﬂuctuations measured on each side of the PAT seem to be of a different
nature. This subject requires further investigation as the collected data do not allow
drawing further conclusions.
Finally, the pressure ﬂuctuation contribution corresponding to the blade passing
frequency at the PAT high pressure measurement section is signiﬁcantly ampliﬁed by
increasing the relative discharge. This ﬂuctuation is due to the interaction between
the blade passing frequency and the volute tongue. The amplitude increase at this
frequency due to the relative discharge increase is related to the higher discontinuity
in the static pressure ﬁeld near the volute tongue, which is also identiﬁed in the
numerical simulations in [86].
(a) (b)
Figure 3.15 – Waterfall plot of the auto-spectrum density functions of the pressure coefﬁcients:
(a) in the high pressure section Gxx
(
Cp,1
)
; and (b) in the low pressure section Gxx
(
Cp,2
)
. Each
chart shows the operating points shown corresponding to N = 2′400 min−1 andQ/QBEP = 1.07.
All operating points are shown for χnD values of 10.0, 12.5, 15.0 and 17.5.
As a ﬁnal remark, the axisymmetric cavitation vortex rope, observed in Francis tur-
bines for full load operating conditions, with self-sustained periodic ﬂuctuations
associated with the hydraulic system eigenfrequencies, is not observed in this investi-
gation. This could be due to the high values of back-pressure used in the experimental
tests, as the occurrence of atmospheric pressure in the low pressure vessel prevented
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(a) (b)
Figure 3.16 – Waterfall plot of the auto-spectrum density functions of the pressure coefﬁcients:
(a) at the high pressure section Gxx
(
Cp,1
)
; and (b) at the low pressure section Gxx
(
Cp,2
)
. Each
chart shows the operating points shown corresponding to N = 2′100 min−1 andQ/QBEP = 1.17.
All operating points are shown for χnD values of 12.5, 15.0 and 17.5 and 20.0.
to further decrease the back-pressure levels. Further investigation is required to assess
if this phenomenon is exclusive to Francis turbines, or if it is solely by the swirling
ﬂow at the radial machine outlet. Note that the physical mechanisms that onset such
oscillation are not fully understood yet and authors suggest further investigation [114].
3.5 Conclusion and future perspectives
This research aims at raising awareness about the development of pressure ﬂuctu-
ations during the off-design operation of PATs. The experimental tests focuses on
the operating range with relative efﬁciency values of ηT/ηTBEP ≥ 85%. Obtained results
show that despite the high values of the relative efﬁciency, severe pressure ﬂuctuations
are measured in the high and in the low pressure sections of the tested PAT, both for
the part load and the full load operating conditions.
The tested PAT features a cavitation vortex rope for the part load operation conditions
Q/QBEP ≤ 84%. Other PATs may, however, present different values of the relative dis-
charge for the development of this cavitation vortex rope. This cavitation ﬂow onsets a
synchronous pressure ﬂuctuation, in a frequency range lower than the runner rotating
frequency, which propagates throughout the entire test-rig, and is related with the ex-
citation of the hydraulic system at one of its eigenfrequency values. A second pressure
ﬂuctuation is identiﬁed only in the PAT low pressure side. However, the mechanisms
underlying this ﬂuctuating component are not identiﬁed. The dependence on the
back-pressure level suggests that this is related to the hydraulic system, however,
further investigation is required.
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The pressure ﬂuctuations in the full load operating conditions feature a frequency in
the range of 2 to 4 times the runner rotating frequency at the PAT low pressure side.
This ﬂuctuation is associated with the hydraulic system, as it is dependent on the
back-pressure level. Furthermore, the pressure ﬂuctuations due to the interaction
between the impeller blades and the volute tongue are signiﬁcantly ampliﬁed with the
increase of the relative discharge, corroborating previous results from CFD numerical
simulations [86].
The characteristics of the pressure ﬂuctuations during the part load and the full load
operation are signiﬁcantly different, where the latter can achieve strong amplitudes if
the back-pressure value is not enough to sustain the pressure ﬂuctuations. Note that
the operation with a deviation of 7% with respect to the relative discharge, produced
more severe pressure ﬂuctuations at full load, than at part load operation (see Figure
3.7). Consequently, the results presented in this experimental research, together
with the unsteady ﬂuctuating radial forces identiﬁed by other authors evidence that
the operation at full load conditions should be avoided. The matching between the
frequency values of the precessing vortex rope and the eigenfrequency of the system,
during the part load operation, may lead to the onset of system resonance, which
represents a risk for the stability of the hydraulic system.
The results presented in this publication are a starting point for the investigation of the
operation instabilities caused by the PAT operating off-design conditions. Note that
the occurrence of these unsteady instabilities affect the load at which the hydraulic
system and the PAT are subjected during the lifetime of the infrastructure. This load
may have a direct impact on the reduction of the service life of the micro hydropower
plant. The range of pressure ﬂuctuations observed during this research indicates
that this PAT should be operated in a discharge range of 85% to 100% with respect to
the value referent to its BEP, for each rotational speed value. This discharge range is,
however, dependent on the PAT investigated, stressing that further research is required
on this subject. The achieved results show that the deﬁnition of the control settings
for the ﬂow regulation in a PAT micro hydropower plant needs to take into account
the constraints related with both the machine performance (i.e., energy generation)
and the stability issues (i.e., loads in the systems) of the PAT operation.
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This chapter corresponds to the manuscript:
J. Delgado, L. Andolfatto, D.I.C. Covas and F. Avellan (2018), Pumps running as tur-
bines: from performance prediction to hill chart modelling using the Hermite polyno-
mial chaos expansion. Submitted to Energy Conversion and Management, Elsevier.
Author contribution: The author collected the experimental data, developed and
implemented the methodology for the prediction and modelling of the PAT perfor-
mance.
Abstract
The accurate prediction of the characteristic curves of a pump running as turbine (PAT)
still remains an issue that bottlenecks the design of PAT hydropower plants. Existing
methodologies for the turbine mode prediction still do not provide reliable accuracy,
especially for the part load and the full load operation. Also, no methodology is known
for predicting the extended operation of a PAT, which is required for the analysis
of the hydraulic transients in the power plant. This paper presents an empirical
model for predicting the turbine mode performance and the extended operation.
This methodology is based on the Hermite polynomial chaos expansion (PCE), which
deﬁnes continuous surrogate functions based on known characteristic curves of PATs
measured in test-rigs. The deﬁned surrogate functions are later used for predicting
the PAT performance. Finally, the same PCE technique is used to model the variable
speed hill chart of a given PAT. The major advantage of using the PCE to model the
PAT hill chart is its description by a continuous function composed of the summation
of polynomial terms, which can be used for optimising PAT micro hydropower plant
layout and control settings aiming at maximising the power plant efﬁciency.
Keywords: Pumps running as turbines, hydropower, turbine mode prediction, hill
chart modelling, variable speed operation, polynomial chaos expansion.
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4.1 Introduction
Pumps running as turbines (PATs) are hydraulic machines used for micro hydropower
applications such as the energy recovery in pressurisedwater supply systems [123, 134,
160] or the rural electriﬁcation of remote areas [161–163]. The low capital investment,
the immediate availability in several standardised sizes for a wide range of head
and discharge values and the possibility of using the original induction motor as
an asynchronous generator make PATs a cost-effective alternative to custom-made
turbines for micro hydropower applications [59, 136].
The selection of the proper PAT to install in a given power plant is still amajor challenge
[16], as the turbine mode performance is not provided by pump manufacturers. The
best efﬁciency point (BEP) in the turbine mode is found for higher values of head
and discharge than the BEP in pump mode, while the maximum efﬁciency in both
modes has approximately the same value [140]. The shape of the PAT characteristic
curves in the entire operating range in turbine mode is, usually, dependent on the unit
speciﬁc speed parameter [89]. The knowledge of the turbine full operating range is of
the utmost importance for the development of the control strategies [106, 107] and
for the assessment of project economic feasibility [45, 48], as PATs efﬁciency is highly
affected when the machine operates under variable discharge conditions. Currently,
existing methodologies still lack accuracy, especially in the description of the part
load and in the full load operation. PATs are usually tested in laboratory conditions
prior to on-site installation [38, 56].
The most accurate turbine mode performance predictions have been achieved by
empirical formulations based on extensive sets of experimental data. These formu-
lations use as input the pump rated characteristics provided by manufacturers. The
application of this empirical formulations is limited, however, to the type of pumps
(e.g., end-suction or in-line centrifugal pumps) and the range of values of the unit
speciﬁc speed parameter for which the formulations were developed. This parameter
provides information about the impeller shape, where small values refer to radial ﬂow
PATs, while high values refer to axial-ﬂow PATs. The unit speciﬁc speed parameter nq
(or ns depending on the parameter deﬁnition) is deﬁned by:
nq =N Q
1
2
H
3
4
ns =N P
1
2
H
5
4
(4.1)
where N is the rotational speed, Q is the discharge, H is the head and P is the shaft
76
4.1. Introduction
power. As the parameters nq and ns are unit dependent, the parameters N , Q, H and
P should be described in (min−1), (m3·s−1), (m) and (kW), respectively.
Empirical formulations found in literature are based on the following methods: (i)
speciﬁc speed-speciﬁc diameter charts [88, 91]; (ii) polynomial equations (generally
quadratic and/or cubic polynomials) [92–94, 98, 164]; (iii) modiﬁed turbomachine
afﬁnity laws [96]; and (iv) artiﬁcial neural networks [97] A summary of the domain
of application of the empirical formulations (i.e., type of pumps and respective unit
speciﬁc speed values) found in literature is provided in Table 4.1.
Empirical formulations still feature considerable deviations between predictions and
actual performance. For instance, see results in [94], when applying the formulation
described in [92]). Causes for the lack of repeatability in accuracy are still not clear.
Authors in [88] suggest different designs of the pumps and different manufacturers as
the main factors. However, other factors may play a key role, such as the setup used
for collecting measurements, the uncertainty of the measurement equipment, the
adequate PAT installation, the occurrence of cavitation, among others. Also, empirical
formulations usually consider the same regression coefﬁcients for the entire range of
nq values (see Table 4.1). Such fact neglects the inﬂuence of the unit speciﬁc speed in
the shape of the characteristic curves, which may result in unsatisfactory descriptions
of the PAT performance in the part load and full load operating zones.
The analysis of the hydraulic transients in a PAT power plant generated by both normal
operatingmanoeuvres or by emergency events [101] relies on the knowledge of the PAT
characteristic curves in the extended operation in generating mode. In this research,
the extended operation in generating mode includes the quadrants of operation III
and IV of a pump (see Figure 4.1), which, hereafter, are referred to as the extended
operation for nomenclature simplicity. The extended operation characteristic curves
shown in Figure 4.1 are described by the IEC factors of speed, discharge and torque,
nED , QED and TED , respectively [99]. These characteristic curves are also dependent
on the unit speciﬁc speed of the PAT. To the authors knowledge, there is no formulation
for predicting PAT performance in this extended operation mode. The modelling of
the PAT performance during a hydraulic transient event is, usually, performed by
assuming the extended operation characteristic curves of a pump with the closest
value of unit speciﬁc speed, if the actual performance of the installed PAT is not
available. However, this assumption should be used with caution, as it may introduce
errors during the analysis of the hydraulic transients.
This research paper aims at providing a new methodology for predicting the PAT
turbine mode and the extended operation characteristic curves for a given value of in-
terest of unit speciﬁc speed. The core of the methodology is grounded in the bivariate
Hermite polynomial chaos expansion (PCE), which is used to deﬁne continuous surro-
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Figure 4.1 – Four-quadrants of operation of a pump. Identiﬁcation of the operating zones of
interest for the PAT performance modelling in the extended operation in the generating mode,
hereafter referred as extended operation. The zones of interest are Turbine (A), Turbine break
(B) and Reverse pump (C), which correspond to the Quadrants of operation III and IV.
gate functions. These surrogate functions propagate the known characteristic curves
of the PAT inside a closed-bound interval corresponding to the unit speciﬁc speed
values experimentally investigated. The obtained functions are later used to estimate
the performance of a given PAT, using as input data the rated values in the pumping
mode and the impeller diameter. The same PCE technique is also applied to model
the variable speed hill chart of a given PAT. The modelling of the PAT hill chart may
be carried out by using the characteristic curves provided by the surrogate functions
found for the turbine mode, or by using data acquired in laboratory conditions.
The application of the methodology for the PAT characteristic curves prediction is
shown for the experimental data collected for three end-suction single-stage centrifu-
gal pumps in both the turbine mode and in the extended operation. The methodology
is also validated using data published in the literature. Collected data and published
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Table 4.1 – Domain of application of empirical formulations for predicting the PAT characteris-
tic curves.
Reference Type of pumps Range of applica-
tion
Singh and Nest-
mann [88]
13 end-suction single-stage centrifugal pumps nq = 14.6−79.1
Tan and Engeda
[91]
4 pumps whose type is not detailed. nq = 30.7−80.4
Derakhshan and
Nourbakhsh [92]
7 end-suction single-stage centrifugal pumps nq = 14.6−55.6
Naldi et al. [93] 2 end-suction multi-stage centrifugal pumps,
3 submersible multi-stage with vertical axis
pumps and 2 end-suction single-stage centrifu-
gal pumps
nq = 10.2−19.6
Pugliese et al. [94] 1 in-line multi-stage centrifugal pump and 1
end-suction single-stage centrifugal pump
nq = 26.6−37.8
Barbarelli et al.
[98]
12 end-suction single-stage centrifugal pumps nq = 9.1−64.1
Novara and McN-
abola [164]
113 pumps comprising radial end-suction,
semi-axial and axial pumps
−
Fecarotta et al.
[96]
6 submersible semi-axial single-stage pumps ns = 120−162
Rossi and Renzi
[97]
Data from multiple literature references (see
[165])
−
data are presented in Section 4.2. The methodology for the PAT performance predic-
tion and the Hermite polynomial chaos expansion are presented in Section 4.3. The
application of the methodology for predicting the turbine mode and the extended
operation performance is shown in Section 4.4. Section 4.5 presents the modelling of
the variable speed hill chart using the PCE technique. Finally, conclusions and future
perspectives are drawn in Section 4.6.
4.2 Experimental data
Experimental data are collected to measure the turbine mode characteristic curves
and the extended operation characteristic curves of three end-suction single-stage
centrifugal pumps. The three pumps feature unit speciﬁc speed nq values of 23.1,
41.0 and 67.3, respectively. Additionally, the methodology is also tested using the data
reported in literature [98] and the corresponding diameter values reported in [78].
Authors provide regression coefﬁcients, which are used to build the characteristic
curves of the PATs in the turbine mode. No data is available in the literature for the
extended operation. The rated values for the pumps experimentally tested and for the
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Table 4.2 – Rated characteristics in the pumping mode of the PATs used in this research.
Pump ID nPq (SI) N
P
R
(
min−1
)
QPR
(
l · s−1) HPR (m) PPR (kW) D (mm)(1)
NK40-160/158 23.1 2′910 10.9 31.1 5.0 158
NK40-125/127 41.0 2′900 13.0 16.2 2.8 127
NK65-125/127 67.3 2′910 29.8 14.6 5.5 127
KSB40-335 9.1 1′450 7.4 33.0 5.4 330
KSB40-250 12.8 1′450 7.0 20.0 2.5 260
KSB50-160 28.7 1′450 9.7 8.5 1.2 174
KSB80-220 30.3 1′450 24.2 14.5 4.6 219
KSB80-200 34.1 1′450 23.2 12.1 3.8 198
KSB100-160 64.1 1′200 35.0 5.3 2.3 185
(1) D refers to the impeller diameter at the high pressure reference section.
pumps reported in literature [78, 98] are presented in Table 4.2.
In this research, pumps are identiﬁed by the nq computed using the rated values in the
pumping mode. Note that the nq values referent to the turbine mode best operating
point can only be computed after the prediction of the turbine mode characteristic
curves has been performed.
The experimental investigation for collecting the data is performed in the closed-
loop test-rig of Instituto Superior Técnico in the University of Lisbon, Portugal. The
description of the experimental facility and the measurement equipment can be
found in [166]. The characteristic curves measured for the turbine mode and for the
extended operation are presented in Figures 4.2 and 4.3, respectively. Data presented
in these ﬁgures is collected for values of rotational speed N between 2′100 min−1
and 3′000 min−1 with steps of 300 min−1. All measurements are performed under
stationary conditions. The turbine mode characteristic curves cover the part load,
the BEP and the full load operating range of the three PATs. The extended operation
characteristic curves describe the turbine mode, the turbine break and the reverse
pump operating zones (see Figure 4.1).
The characteristic curves presented in these ﬁgures are described by the variation
of QED , TED and PED , with respect to nED , being these parameters deﬁned in Equa-
tion (4.2) [99]. The IEC factors provide the condensed information regarding the
runner rotating frequency n, the discharge Q, the speciﬁc hydraulic energy E = gH
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23.1 41.0 67.3
Figure 4.2 – Turbine mode stationary performance of the three PATs experimentally tested
described by the non-dimensional coefﬁcients QED , TED and PED with respect to nED .
(being g the gravity acceleration and H the head), the shaft torque T and the power P .
nED = nD
E
QED = Q
D2

E
TED = T
ρ D3E
PED = P
ρ D2

E3
(4.2)
where ρ is the water density.
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23.1 41.0 67.3
Figure 4.3 – Extended operation performance of the three PATs described by the non-
dimensional coefﬁcients QED , TED and PED with respect to nED .
The IEC factors allow describing the variable speed performance data using a single
characteristic curve. Collected data conﬁrms that the unit speciﬁc speed value of
the machine plays a key role in the shape of the characteristic curves, both in the
turbine and in the extended operation modes. Such fact undermines the hypothesis
of considering constant coefﬁcients for describing the performance of different PATs
in a given range of unit speciﬁc speed values. The same conclusion can be withdrawn
from data presented in [89].
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4.3 Hermite polynomial chaos expansion modelling
4.3.1 General approach
The prediction of the PAT performance aims at providing the functional means to
estimate the hydraulic and mechanical characteristic curves inside a given range of
unit speciﬁc speed values. A hypothesis for the turbine mode performance consists of
propagating the characteristic curves of QED and PED with respect to nED , in between
of the tested unit speciﬁc speed values. Such hypothesis consists of the establishment
of the empirical bivariate surrogate function f TQED (nED ,nq)=QED and the function
f TPED (nED ,nq)= PED , for the hydraulic and mechanical characteristic curves in the
turbine, respectively. Similarly, for the extended operation performance, the method-
ology is based on ﬁnding the f EOQED (nED ,nq)=QED and the f EOTED (nED ,nq)= TED sur-
rogate functions, for the hydraulic and mechanical characteristic curves, respectively.
The TED parameter is selected instead of the one of PED for the extended operation,
as the modelling of hydraulic transient events usually consider the TED −nED charac-
teristic curve for modelling the PAT behaviour during a hydraulic transient event in
the power plant.
The Stone-Weierstrass theorem states that there is a surrogate polynomial function f ∗,
which approximates as closely as possible a continuous real function f deﬁned on a
bounded closed interval of real numbers [167]. Though the functional form of f is not
known, it is assumed that the collected experimental data provide points that realize
f . This surrogate function f ∗ is computed using the polynomial chaos expansion
(PCE) [168], deﬁned by:
f ∗ =
∞∑
k
λkHek (4.3)
whereλk are theweighting coefﬁcients andHek are the bivariate Hermite polynomials.
The bivariate Hermite polynomials are used as a functional basis for the polynomial
expansion. Examples of this method applied to hydraulic machines can be found in
[169, 170]. The polynomial basis can only be made of a ﬁnite set of polynomials, as
there are only a limited number of experimental observations. The establishment of
the surrogate functions consists of ﬁnding both the most appropriate truncated basis
of polynomialsΨ and the correspondingweighting coefﬁcientsλk . The determination
ofΨ and λk aims at minimising the error between observations and predictions (i.e.,
avoid underﬁtting) and at guaranteeing the realistic behaviour of the surrogate func-
tions (i.e., avoid overﬁtting). Underﬁtting issues are characterised by large deviations
between measured data y and the response of the surrogate function y∗. Overﬁtting
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issues are associated with a surrogate function which exhibits unrealistic oscillations
in the function operating domain, despite providing reduced deviations between y
and y∗.
The deﬁnition of the bivariate Hermite polynomials is presented in Section 4.3.2, while
the computation of the coefﬁcients λk of the truncated basis is shown in Section 4.3.3.
This step takes into account the computation of several ﬁtting metrics, aiming at
avoiding the aforementioned issues of underﬁtting or overﬁtting.
4.3.2 Hermite polynomials basis
The bivariate Hermite polynomials Hen,m , with indexes n,m ∈N and m ∈ [[2,n+1]],
beingN the set of natural numbers, are recursively deﬁned by Equation (4.4) and by
the boundary conditions given in Equation (4.5).
⎧⎪⎪⎨
⎪⎪⎩
Hen+1,1 = an ·X1 ·Hen,1+cn ·Hen−1,1
Hen+1,m =Hem−1,m ·Hen−m+2,1
Hen+1,n+2 = an ·X2 ·Hen,n+1+cn ·Hen−1,n
(4.4)
⎧⎪⎪⎨
⎪⎪⎩
He0,1 = 1
He1,1 = X1
He1,2 = X2
(4.5)
where an and cn are coefﬁcients computed for each polynomial, which depend on the
index n ∈N and are deﬁned in Equation (4.6). X1 ∼N (0,1) and X2 ∼N (0,1) are two
input independent Gaussian random variables. For notation simplicity, the two input
variables are gathered inside the vector X = (X1,X2). The Hermite polynomials are
hereafter referred as Hep with p ∈N, using the index change of Equation (4.7).
⎧⎪⎪⎨
⎪⎪⎩
an =
√
1
n+1
cn =−
√
n
n+1
(4.6)
p = n(n+1)
2
+m−1 (4.7)
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The Hermite polynomials family Hep form a complete basis of functions inside the
Hilbert space that are orthogonal with respect to the scalar product deﬁned by:
〈HeA,HeB〉 =
∫
R2
HeA(X ) ·HeB(X ) ·p(X )dX (4.8)
where R is the set of real numbers, HeA(X ) and HeB(X ) are any polynomial of the Hep
family and p(X ) is the standardised bivariate probability density function deﬁned by
Equation (4.9). The graphical representation of the ﬁrst 15 polynomials of the family
Hep is depicted in Figure 4.4. Both indexes representations are shown in the ﬁgure,
though only the p notation is used hereafter.
p(X )= 1
2π
exp
(
−X
2
2
)
(4.9)
The input data vector x = (x1,x2) collected during the experimental tests is usually not
suitable for the Hermite PCE modelling. The polynomials Hep are only orthogonal
with respect to the standardised bivariate normal probability density function. Thus,
the standardisation function g (x), deﬁned in Equation (4.10), is applied to the physical
input data. The coefﬁcients a, b and c of g (x) are computed by Equations (4.11),
(4.12) and (4.13). The ﬁrst equation guarantees the average values X¯1 = 0 and X¯2 = 0.
The second equation ensures the standard variation σX1 = 1. The solution of the
system of equations of Equation (4.13) satisﬁes the standard variation σX2 = 1 and the
covariance cov(X1,X2)= 0.
g :
∣∣∣∣∣∣∣
R2 −→ R2
x −→ X =
(
a 0
b c
)
· (x −μ) (4.10)
μ= 1
N
N∑
j=1
( j )x (4.11)
a =
√√√√ 1
1
N−1
∑N
j=1
(
( j )x1−μ1
)2 (4.12)
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Figure 4.4 – First 15 bivariate polynomials of the family Hep . Adapted from [170].
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4.3.3 Identiﬁcation of the surrogate function
Considering a given truncated basis of Hermite polynomials selected a priori and
deﬁned by Ψ= {He0, He1, · · · ,Hepmax}, the response of the surrogate function y∗ is
deﬁned by Equation (4.14). The weighting coefﬁcients λk are computed based on
minimising the mean-squared error 1/Ns
∑Ns
i=1
(
y − y∗)2. The solution to this problem
is given by the least-square solution as in Equation (4.15) [171]. This solution is only
valid for an overdetermined system of equations such that Ns > pmax, where Ns is the
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total number of measurement samples and pmax is the index of the maximum order
polynomial of the family Hep of the truncated basisΨ. This pmax index also deﬁnes
the cardinality of the truncated basis.
y∗ = f ∗(x)= ∑
k∈Ψ
λk ·Hek(g (x)) (4.14)
λ= [λ0 λ1 · · · λpmax]T = (He(X )THe(X ))−1He(X )Ty (4.15)
where λ ∈Rpmax×1 is the vector of the weighting coefﬁcients, He ∈RNs×pmax is the
matrix of the Hermite polynomials evaluated in the domain of X deﬁned in Equa-
tion (4.16) and y ∈RNs×1 is the vector of the measured points deﬁned in Equation
(4.17). The superscript (k) ∈ [[1,Ns]] refer to the number of the measurement samples.
He(X )=
⎡
⎢⎢⎢⎢⎣
He0
(
(1)X
)
He1
(
(1)X
) · · · Hepmax ((1)X )
He0
(
(2)X
)
He1
(
(2)X
) · · · Hepmax ((2)X )
...
...
. . .
...
He0
(
(Ns)X
)
He1
(
(Ns)X
) · · · Hepmax ((Ns)X )
⎤
⎥⎥⎥⎥⎦ (4.16)
y= [(1)y (2)y · · · (Ns)y]T (4.17)
In this research, the truncated basis contains all polynomials between the index
p = 0 up to pmax. Sparse solutions are not taken into account (i.e., values of λk = 0).
The choice of the truncated basis is performed by comparing several ﬁtting metrics
computed for the different candidate models. Metrics used are the maximum absolute
error (Max. AE), themean absolute error (Mean AE), the standard deviation of the error
σe (see Equation 4.18), the determination coefﬁcient R2 (see Equation 4.19) and the
Akaike Information Criterion (AIC) [172]. The latter estimates themaximum likelihood
of a given model obtained using the least squares estimation and is penalised by the
number of model parameters aiming at ﬁnding overﬁtted models (see Equation 4.20).
The AIC metric is further corrected (AICc) according to Equation (4.21) to account
for the number of parameters with respect to the existing number of samples [173].
As the results given by the AIC metric are dependent on the measurement samples,
the absolute values of this metric do not provide relevant information. Results of the
candidate models are further re-scaled with respect to the model with the minimum
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AICc value, namely AICc,s =AICc−AICc,min.
σe(y, y
∗)=
√√√√ 1
Ns
Ns∑
i=1
(
yi − y∗i
)2 (4.18)
R2(y, y∗)= 1−
∑Ns
i=1(yi − y∗i )2∑Ns
i=1(yi − y¯)2
(4.19)
AIC(y, y∗)=Ns
(
log σe
2)+2pmax (4.20)
AICc(y, y
∗)=AIC+ 2pmax
(
pmax+1
)
Ns−pmax−1
(4.21)
The choice of the truncated basisΨ for describing the surrogate function is performed
by plotting the previous metrics with respect to the maximum index of the Hermite
polynomial basis pmax. Best models should minimize both the maximum absolute
error, the average absolute error, the standard deviation of the error and the AICc,s
while maximizing the R2 value. The ﬁnal model is selected and plotted to analyse
if underﬁtting or overﬁtting have occurred. This process is further illustrated in the
application of the methodology.
The ﬂow chart for identifying the surrogate function truncated basis and the cor-
responding weighting coefﬁcients for a given measured quantity y is presented in
Figure 4.5. The initial value of pmax = 2 is to take into account all polynomials from
the boundary condition (see Equation 4.5) in the ﬁrst iteration. The maximum value
of pmax = 100 may be increased, though this value is found suitable for this research,
as the pmax values for the different surrogate functions analysed in the next Sections
vary between 10 and 35.
Considering that the truncated basis has been identiﬁed, the empirical surrogate
functions for the propagation of the hydraulic and mechanical characteristic curves
are computed based on the ﬂow chart presented in Fig. 4.6. The input data are: (i) the
variable used for deﬁning the interpolating domain x = (x1,x2), which for the predic-
tion methodology are x(nED ,nq); (ii) the values of the coefﬁcients a, b and c and μ of
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Physical input data
x = (x1, x2)
y
pmax = 2
Compute standardization function 
parameters a, b and c
Compute X = (X1, X2)
Compute ¸
Eqs. (4.11) to (4.13)
Generate the Hermite polynomials for 
the indexes 0 ? p ? pmax Eqs. (4.4) to (4.6)
Compute He(X)
Eq. (4.10)
Eq. (4.16)
Eq. (4.15)
Compute y* = ¸He
Compute evaluation metrics Eqs. (4.18) to (4.21)
p
m
ax
=
p
m
ax
+
 1
pmax = 100 ?
No
Yes
Plot evaluation metrics
(X) Eq. (4.14)
Figure 4.5 – Flow chart for the identiﬁcation of the truncated basis for describing the surrogate
function of a given variable of interest y with respect to the interpolation domain x = (x1,x2).
the standardisation function g (x); (iii) the truncated basis deﬁned by the pmax,1 and
the pmax,2 values and the corresponding vectors of the weighting coefﬁcients λ1 and
λ2, for the hydraulic and mechanical characteristic curves, respectively.
The identiﬁed surrogate functions allow computing the hydraulic and mechanical
characteristic curves by using as input data the value of the unit speciﬁc speed for a
given PAT of interest for the prediction, and the range of nED for which the character-
istic curves are to be computed. This step is revisited in the following section.
In the case of the turbine mode, the parameters of E , Q and ηT can be compute from
the nED −QED and the nED −TED characteristic curves by using the Equation (4.22)
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Input data:
x = (x1, x2)
a, b, c
pmax,1, pmax,2
¸1, ¸2
Compute X = (X1, X2)
Generate Hermite polynomials for the 
indexes 0 ? p ? pmax,1 and 0 ? p ? pmax,2 Eqs. (4.4) to (4.6)
Compute He1(X)
He2(X)
Eq. (4.10)
Eq. (4.16)
Eq. (4.14)Compute y1= ¸1He(X)  
y2 = ¸2He(X)
Figure 4.6 – Flow chart for computing the surrogate functions for the identiﬁed hydraulic and
mechanical surrogate functions.
for a given value of the runner rotating frequency n.
E = n
2D2
n2ED
Q = nD3QED
nED
ηT = PED
QED
(4.22)
The variable speed hill chart performance of the PAT regarding deﬁned by the variation
of E and ηT with respect to N and Q can now be computed using the procedures
described in Figures 4.5 and 4.6, using as input data x = (N ,Q) for the variables of
interest y = E and y = ηT. This variable speed hill chart of the PAT can be computed
using the turbine mode prediction results provided by the surrogate functions or by
using precise performance data of a PAT, given by a pump manufacturer or acquired
in laboratory conditions.
The identiﬁcation of the truncated basis for a given surrogate function is illustrated
in Section 4.4.1. The identiﬁcation of the surrogate functions for the prediction of
the turbine mode and for the extended operation are presented in Sections 4.4.2 and
4.4.3, respectively. Finally, the modelling of the variable speed performance hill chart
is presented in Section 4.5. The summary of the surrogate functions for the prediction
of the turbine mode performance, the prediction of the extended operation and the
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modelling of the performance hill chart is given in Table 4.3.
Table 4.3 – Surrogate functions for the prediction and modelling of the PAT performance.
Operating Surrogate Dataset Operating Variable Section
mode function domain of interest
Turbine f TQED Exp. data x = (nED ,nq) y =QED 4.4.2
mode (T) f TPED Exp. data x = (nED ,nq) y = PED 4.4.2
f TQED,B Lit. data x = (nED ,nq) y =QED 4.4.2
f TPED,B Lit. data x = (nED ,nq) y = PED 4.4.2
Extended f EOQED Exp. data x = (nED ,nq) y =QED 4.4.3
operation (EO) f EOTED Exp. data x = (nED ,nq) y = TED 4.4.3
Hill chart f HCE nq = 23.1 x = (N ,Q) y = E 4.5
performance f HCη nq = 23.1 x = (N ,Q) y = ηT 4.5
(HC) f HCE nq = 41.0 x = (N ,Q) y = E 4.5
f HCη nq = 41.0 x = (N ,Q) y = ηT 4.5
f HCE nq = 67.3 x = (N ,Q) y = E 4.5
f HCη nq = 67.3 x = (N ,Q) y = ηT 4.5
4.4 Modelling of the surrogate functions
4.4.1 Identiﬁcation of the truncated basis
The application of the methodology described in the ﬂow chart of Figure 4.5 is illus-
trated for the deﬁnition of the hydraulic surrogate function f TQED using the experimen-
tal data collected. The data transformation given by the standardisation function g (x)
is illustrated in Figure 4.7. The evaluation of the surrogate function is only performed
inside the convex hull of the input data, as shown in Figure 4.7, for avoiding issues
related with extrapolated data.
The comparison of the values computed for the metrics of different candidate models
to describe the surrogate function f TQED (nED ,nq) is illustrated in Figure 4.8. The use
of truncated basis with pmax > 24 does not provide a decrease in the errors between
the measured data and the evaluation of the surrogate function. Also, the AICc,s
criteria starts to increase for truncated basis with pmax > 24, which indicates possible
overﬁtting.
The comparison between an underﬁtted model, the chosen model and an overﬁtted
model is illustrated in Figure 4.9. These models correspond to pmax values of 5, 24 and
40, respectively. The underﬁtted model does not represent the collected experimental
data. The overﬁtted model shows that despite the slight decrease of the maximum,
average and the standard deviation of the error of the predictions (Figure 4.8), the
91
Chapter 4. PAT characteristic curves modelling and prediction
Figure 4.7 – Application of the standardisation function g (x) to a physical input data set:
(a) measured data x = (nED ,nq); (b) standardised data X = (X1,X2). The convex hull is indi-
cated by the blue area.
model provides signiﬁcant oscillations in-between of the tested unit speciﬁc speed
values. The chosen model, in this example, corresponds to the one with the minimum
AICc,s value. This is not amandatory criterion as themodel corresponding to the AICc,s
value may often feature overﬁtting issues. A truncated basis with lower cardinality
should be selected, considering the trade-off between the model accuracy and the
expected likelihood of the surrogate function.
4.4.2 Turbine mode surrogate functions
The identiﬁcation of the empirical surrogate functions for the propagation of the
hydraulic and mechanical characteristic curves for the turbine mode prediction is
performed separately for the collected experimental data and for the Barbarelli et
al. [98] data (referred hereafter as literature data). The preliminary analysis of the
data from both manufacturers indicates that there is no clear trend between the PATs
of the two datasets, introducing higher deviation between the surrogate functions
results and the actual performance of the PATs. This trend is, however, easily observed
independently between the pumps of each dataset.
The truncated basis and the values computed for the ﬁtting metrics regarding the
identiﬁed surrogate functions are indicated in Table 4.4. The corresponding surrogate
functions are illustrated in Figure 4.10 using a three dimensional view and, in Figure
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Figure 4.8 – Metrics evaluation for determining the surrogate function f TQED (nED ,nq) applied
to the experimental data.
4.11 using a contour view. The notation for the surrogate functions for the different
datasets and variables of interest are indicated in Table 4.3.
The change of the trends of the surrogate functions surface with respect to the vari-
ation of the unit speciﬁc speed illustrated in Figures 4.10 and 4.11 show that the
hypothesis of different regression coefﬁcients for describing the hydraulic and me-
chanical characteristic curves, with respect to different values of the unit speciﬁc
speed is correctly modelled using the bivariate Hermite PCE methodology. In fact,
the recursive deﬁnition of the Hermite polynomials (Equation 4.4) implies that the
interpolation coefﬁcients are modiﬁed, depending on the nq and consequently the
X2 values.
Table 4.4 – Characteristics and metrics values of the surrogate functions used for modelling
the hydraulic and the mechanical characteristic curves in the turbine mode. Note that QED
and PED are dimensionless.
Parameter f TQED f
T
PED f
T
QED,B f
T
PED,B
pmax 23 17 18 18
Max. AE ×10−3 (−) 3.64 7.47 6.52 3.86
Mean AE ×10−3 (−) 0.04 0.87 0.58 0.67
σe ×10−3 (−) 0.64 1.40 0.96 1.02
R2 (−) 0.999 0.998 0.999 0.998
Results presented in Figures 4.10 and 4.11 clearly show that the propagation of the
characteristic curves between the two different datasets is not trivial. Firstly, the range
of operation of PATs with similar values of unit speciﬁc speed nq is different (i.e.,
different nED values for PATs with similar nq value). Secondly, for the same nq values,
the surrogate functions found for the literature data provide higher values for both the
QED and the PED parameters. Nevertheless, the identiﬁed surrogate functions have
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(a) (b)
(c)
Figure 4.9 – Comparison of the truncated basis cardinality for computing the surrogate func-
tion f TQED : (a) underﬁtted model; (b) chosen model; (c) overﬁtted model.
(a) (b)
Figure 4.10 – 3D view of the identiﬁed surrogate functions for the propagation of the: (a) hy-
draulic and the (b) mechanical characteristic curves. The red mesh refers to the surrogate
functions found for the collected experimental data f TQED and f
T
PED . The green mesh refers to
the surrogate functions found for the literature data f TQED ,B and f
T
PED ,B.
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(a.1) (b.1)
(a.2) (b.2)
98 98
Figure 4.11 – Contour view of the identiﬁed surrogate functions for the propagation of the
hydraulic and mechanical characteristic curves referent to the turbine mode. The red con-
tours indicate the surrogate functions applied to the collected experimental data. The green
contours indicate the evaluation of the surrogate functions applied to the literature data. (a.1)
f TQED ; (b.1) f
T
PED ; (a.2) f
T
QED ,B; (b.2) f
T
PED ,B.
approximately the same trend and shape, which is clearly observed by the comparison
of the isolines depicted in Figure 4.11.
The hypothesis of pumps of the same type from different manufacturers and with
the same rated conditions featuring the same characteristic curves is likely to be far-
fetched. Manufacturers may use different component designs (e.g., impeller, volute,
bearings) and/or materials, even for pumps with the same rated values. Such differ-
ences may affect the performance in the turbine mode. Therefore, the application of
this formulation for predicting the turbine mode performance (as well as the other
available formulations) should be restricted to pumps of the same type and of the
same manufacturer, whenever possible. This restriction aims at minimising the errors
between the predictions made by the surrogate functions and the actual performance
of the PATs.
Finally, the comparison of the evaluation of the surrogate functions with the original
data from both datasets for the hydraulic and mechanical characteristic curves is
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presented in Figures 4.12 and 4.13, respectively. Results presented in these ﬁgures
are computed using the procedure presented in Figure 4.6, The PCE methodology is
capable of accurately describing the propagation of the characteristic curves in the
entire domain of interpolation. The major difference is observed for the PAT with
nq = 9.1 of the literature data. Results are only misﬁt in the part load operating region.
The possible causes of this higher inaccuracy are discussed in Section 4.4.3.
Figure 4.12 – Comparison between the experimental data, literature data and the results
obtained from implementing the hydraulic surrogate functions regarding the turbine mode
f TQED and f
T
QED ,B (see Table 4.3 for the nomenclature of the surrogate functions). PATs are
identiﬁed by the nq values (see Table 4.2). The scatter points refer to the experimental data
and to the literature data for each PAT. The lines refer to the results obtained by the identiﬁed
hydraulic surrogate functions.
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Figure 4.13 – Comparison between the experimental data, literature data and the results
obtained from implementing the mechanical surrogate functions regarding the turbine mode
f TPED and f
T
PED ,B (see Table 4.3 for the nomenclature of the surrogate functions). PATs are
identiﬁed by the nq values (see Table 4.2). The scatter points refer to the experimental data
and to the literature data for each PAT. The lines refer to the results obtained by the identiﬁed
mechanical surrogate functions.
The computation of the evaluation of the identiﬁed surrogate functions of the turbine,
for a given value of unit speciﬁc speed of interest, like illustrated in the Figures 4.12
and 4.13 provide the nED −QED and nED −TED characteristic curves. Equation (4.22)
should now be applied to compute the parameters E , Q and ηT for a given constant
value of N for obtaining the stationary performance of the PAT in the turbine mode.
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4.4.3 Extended operation surrogate functions
The same procedure is applied for deﬁning the surrogate functions to the extended
operation characteristic curves with respect to the experimental data collected. The
truncated basis and the values of the metrics for the propagation of the hydraulic
and mechanical characteristic curves are presented in Table 4.5. The corresponding
identiﬁed surrogate functions are illustrated in Figure 4.14. Results show that the
Hermite PCE is also able to provide propagation of the characteristic curves inside
the interval of tested unit speciﬁc speed values. The comparison of the metrics values
obtained for the turbine mode (Table 4.4) and for the extended operation (Table 4.5)
show that the errors regarding the latter are higher. This is an expected result, as the
interpolation referent to the extended operation is more complex compared to the
turbine mode, namely because of the higher curvature associated with the turbine
break and reverse pump areas (the s-curve).
Table 4.5 – Characteristics and metrics values of the identiﬁed surrogate functions for mod-
elling the propagation of the hydraulic and mechanical characteristic curves in the extended
operation. Note that QED and TED are dimensionless.
Parameter f EOQED f
EO
TED
pmax 32 19
Max. AE ×10−3 (−) 9.20 21.18
Mean. AE ×10−3 (−) 2.58 4.64
σe ×10−3 (−) 3.26 5.96
R2 (−) 0.994 0.998
(a) (b)
Figure 4.14 – 3D view of the identiﬁed surrogate functions for the propagation of the (a)
hydraulic and the (b) mechanical characteristic curves referent to the extended operation. The
red mesh refers to the surrogate functions found for the experimental data f EOQED and f
EO
TED .
The adjustment of the identiﬁed surrogate functions to the experimental data col-
lected are shown in Figures 4.15 for the hydraulic andmechanical characteristic curves.
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Data presented in this ﬁgure show that the model is capable of describing the average
properties of the characteristic curves ofQED and PED , with respect to nED . The larger
deviation between model results and the true performance of the PAT are observed
for the pump with nq = 23.1. This larger deviation is similar to the results obtained
for the surrogate functions of the turbine mode for the literature data (see PAT with
nq = 9.1 in Figures 4.12 and 4.13), regarding the PAT with nq = 9.1.
This larger deviation for the PATs with lower values of unit speciﬁc speed is explained
by the computation of the weighting coefﬁcients λk , which minimises the mean-
squared error 1/Ns
∑Ns
i=1
(
y − y∗)2. As PATs with lower nq values have lower values of
both the QED and the PED , the identiﬁcation of the λk values favours, in fact, the
ﬁtting of the surrogate function in the areas with higher QED and PED values (i.e.,
higher values of unit speciﬁc speed). This higher deviation for lower nq values is a
limitation of the methodology, which may compromise the accuracy of the surrogate
functions in the domain of lower nq values. Nevertheless, good ﬁttings are observed
for the remaining two PATs.
(b)(a)
T
T
T
T
T
T
Figure 4.15 – Comparison between the experimental data and the results obtained from
implementing the surrogate functions in the extended operation: (a) hydraulic surrogate
function f EOQED ; (b) mechanical surrogate function f
EO
TED . PATs are identiﬁed by the nq values
(see Table 4.2). The scatter points refer to the experimental data for each PAT. The lines refer
to the results obtained by the identiﬁed surrogate functions.
Note that the computation of the evaluation of the identiﬁed surrogate functions of
the extended operation, for a given value of the unit speciﬁc speed of interest, already
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provide the nED −QED and nED −TED characteristic curves required for modelling
the hydraulic transients in a PAT power plant.
4.5 Hill chart modelling
The variable speed hill chart of the PAT performance can be modelled by using the
estimated characteristic curves obtained from the identiﬁed surrogate functions for
the turbine mode, or by using data obtained by experimental tests or supplied by
the PAT manufacturers (if available). Despite the Hermite PCE methodology having
proven efﬁcient for modelling the propagation of the characteristic curves, it should
only be used during preliminary engineering designs. The ﬁnal design of the micro
hydropower plant should be performed using accurate experimental data for the PAT
characteristic curves. This accurate data is obtained either by performing experimen-
tal tests prior to onsite installation (as in [38, 56]) or by using data provided by PAT
manufacturers.
The procedures presented in the ﬂow charts of Figures 4.5 and 4.6 are used to model
the variable speed hill chart performance of the PATs experimentally tested, using as
operating domain x = (N ,Q) and using the variables of interest E and ηT. Note that
this procedure can be replicated for any variable of interest. The experimental data
used consist of the measurements performed for values of rotational speed between
1′200 min−1 and 3′000 min−1. The identiﬁed truncated basis and the respective values
computed for the ﬁtting metrics of the surrogate functions found for modelling the
variable speed hill chart performance of the PATs experimentally tested are presented
in Table 4.6.
Table 4.6 – Characteristics and metrics values of the surrogate functions for modelling the
variable speed hill chart performance of the PATs experimentally tested. Results of the metrics
of the surrogate functions referring to E are in J ·kg−1, while the ones referring to ηT are in %.
Pump ID nq = 23.1 nq = 41.0 nq = 67.3
Parameter f HCE f
HC
η f
HC
E f
HC
η f
HC
E f
HC
η
pmax 14 25 10 20 21 28
Max. AE (units) 2.7 1.30 1.86 1.57 2.9 1.82
Mean. AE (units) 0.56 0.30 0.40 0.29 0.9 0.34
σe (units) 0.77 0.40 0.56 0.43 0.59 0.47
R2 score (−) 0.999 0.999 0.999 0.999 0.999 0.999
The 3D view of the identiﬁed surrogate functions for describing the speciﬁc hydraulic
energy E and the PAT efﬁciency in turbine mode ηT, with respect to the discharge Q
and rotational speed N for the PAT with unit speciﬁc speed nq = 23.1 are illustrated
in Figure 4.16. Results in this ﬁgure show that the identiﬁed surrogate functions can
smoothly describe the variation of variables of interest E and ηT, with respect to the
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discharge Q and rotational speed N , without evidence of overﬁtting issues.
Also, the standard deviation of the error, for the three tested PATs, is in the range
of 0.56 J ·kg−1 and 0.77 J ·kg−1, for the speciﬁc hydraulic energy; and in the range of
0.40% to 0.47% for the efﬁciency (see Table 4.6). The order of magnitude of station-
ary measurements for the three PATs experimentally tested range from 50 J ·kg−1 to
500 J ·kg−1 for the speciﬁc hydraulic energy; and from 0% to 75% for the efﬁciency in
turbine mode (see Figures 4.17, 4.18 and 4.19). Thus, The small standard deviation of
the errors compared to the stationary measurements for both parameters E and ηT
and the ability to represent the variation of the different variables of interest with re-
spect to the dependent variables N andQ indicate that the Hermite PCE methodology
is suitable for identifying continuous surrogate functions for describing the variable
speed hill chart performance of PATs.
Finally, the obtained hill charts for the variable speed performance of the PATs with nq
values of 23.1, 41.0 and 67.3 are presented in Figures 4.17, 4.18 and 4.19, respectively.
The best efﬁciency ridge line, which separates the operating areas of part load and of
full load, are clearly identiﬁed in these ﬁgures.
The main advantage of modelling the performance hill chart of the PAT performance
using the PCE methodology is the establishment of a continuous function inside
the operating domain of the machine. As this continuous function is composed of
the sum of polynomial terms, the computation of the derivatives with respect to the
discharge or to the rotational speed is straightforward. Such fact is a major advantage
for the development of optimisation algorithms for controlling the PAT power plant,
for instance, the Maximum Power Point Tracking [174], aiming at maximising the
power based on the available speciﬁc energy and discharge at the inlet of the PAT
power plant.
4.6 Conclusions and future perspectives
This research paper presents the application of the bivariate Hermite polynomial
chaos expansion (PCE) for modelling the performance of pumps running as turbines
(PATs). The PCE allows deﬁning empirical continuous surrogate functions in a closed-
bounded interval, which are used in the scope or this research for two purposes: (i) the
identiﬁcation of an empirical model for predicting the PAT performance in the turbine
mode and in the extended operation in the generating mode (Quadrants III and IV of
the four-quadrants operation of a pump - see Figure 4.1); and (i) the modelling the
variable speed hill chart performance of a given PAT of interest.
The empirical model for predicting the PAT characteristic curves, both in the turbine
mode and in the extended operation, uses the PCE to deﬁne two surrogate functions
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(a)
(b)
Figure 4.16 – 3D view of the adjustment of the surrogate functions for modelling the variable
speed hill chart performance of the nq = 23.1 PAT: (a) f HCE ; (b) f HCη . The red mesh surface
indicate the identiﬁed surrogate functions, while the scatter dots indicate the experimental
data collected.
aiming at propagating the hydraulic and the mechanical characteristic curves in-
between of unit speciﬁc speed values of the tested PATs. These identiﬁed surrogate
functions can be used to predict the characteristic curves of a given PAT of interest,
using as input its value of the unit speciﬁc speed. The methodology is applied sepa-
rately for two datasets of single-stage end-suction centrifugal PATs from two different
manufacturers. The surrogate functions are capable of efﬁciently propagating the
characteristic curves data, while maintaining reduced interpolation errors (see Figures
4.10, 4.12 and 4.13). The methodology should ideally be applied for predicting the
performance of PATs of the same manufacturer and only for pumps of the same type
aiming at reducing the prediction errors. The hypotheses of two PATs from different
manufacturers and with the same rated values having the same performance is un-
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Figure 4.17 – Hill chart of the turbine mode performance of the PAT with nq = 23.1. Speciﬁc
hydraulic energy E and efﬁciency η variation as a function of the discharge Q and rotational
speed N . The white line indicates the best efﬁciency ridge line.
Figure 4.18 – Hill chart of the turbine mode performance of the PAT with nq = 41.0. Speciﬁc
hydraulic energy E and efﬁciency η variation as a function of the discharge Q and rotational
speed N . The white line indicates the best efﬁciency ridge line.
likely, as manufacturers may use different components designs and materials. The
developed methodology could be applied, in the future, to datasets of different types
of pumps for deﬁning surrogate functions used for predicting the characteristic curves
of different types of PATs and with different ranges of unit speciﬁc speed values.
The application of the PCE for modelling the surrogate function for the prediction of
the extended operation despite successful, provided results with lower accuracy com-
pared to the turbine mode. This lower accuracy is explained by the higher complexity
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Figure 4.19 – Hill chart of the turbine mode performance of the PAT with nq = 67.3. Speciﬁc
hydraulic energy E and efﬁciency η variation as a function of the discharge Q and rotational
speed N . The white line indicates the best efﬁciency ridge line.
of the characteristic curves. Nevertheless, the identiﬁed surrogate functions clearly
propagate the characteristic curves in-between of the unit speciﬁc speed values. The
use of these surrogate functions for predicting the extended operation characteristic
curves provides more reliable performance data of a given PAT, compared to using the
available data from a PAT with the closest unit speciﬁc speed value. The latter case
may introduce errors in the hydraulic transient analysis of the power plant, and results
should be used with caution. As future perspectives, more data should be added to
the available dataset, aiming at increasing the prediction accuracy.
As a ﬁnal note, methodologies for predicting the PAT performance (this methodology
or the ones available in literature) should be only used during preliminary stages
of the design of PAT power plants. Results provided in this research show that the
methodologies should be applied to datasets of pumps from the same manufacturer
to reduce the prediction error. However, the ﬁnal design of the PAT power plants, this
is, the design of the power plant layout and control settings, should be performed
with reliable data, either acquired from model testing in test-rigs or by data provided
by PAT manufacturers.
Finally, the PCE is used to model the variable speed hill chart of a given PAT. The
obtained hill chart allows at identifying the best efﬁciency ridge and the operating
areas of part load and full load. As the hill chart is described by a continuous function
composed of the sum of polynomial terms, the computation of the derivatives of the
hill chart is straightforward. This straightforward computation is a major advantage as
it allows using the hill chart model for optimising the power plant layout and control
settings that maximise the energy produced by the PAT power plant.
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5.1 Introduction
This Chapter provides the stepwise guidelines for the implementation of the method-
ology developed for predicting and modelling the PAT performance presented in
Chapter 4. For technical details about the methodology please refer to Chapter 4.
Depending on the stage of the development of the PAT micro hydropower plant, this
is, for the preliminary design stage or the ﬁnal design stage, the modelling of the PAT
performance is carried out according to the ﬂow chart given in Figure 5.1. This thesis
only takes into account the hydraulic power and the mechanical power in the shaft.
The efﬁciency of the electrical equipment is not considered.
The ultimate goal of these guidelines is to provide the model of the variable speed
hill chart for a given PAT of interest. The available data for modelling the hill chart
usually depends on the design stage of the power plant. The considered design
stages are: (i) preliminary design stage; and (ii) ﬁnal design stage. In a preliminary
design stage, the accurate data about a given PAT performance is usually not available.
The characteristic curves of the PAT can be predicted using the surrogate functions
identiﬁed in Chapter 4. These surrogate functions are only valid for the PATs with unit
speciﬁc speed values inside the range if the tested pumps.
The prediction the PAT characteristic curves, for both the turbine mode and the
extended operation, is the reverse of the methodology carried out for identifying
the surrogate functions in Chapter 4. While Chapter 4 is to identify the empirical
surrogate functions for predicting the PAT characteristic curves, in this Chapter the
prediction of the PAT performance uses the already identiﬁed surrogate functions to
predict characteristic curves inside the valid domain of interpolation of the surrogate
functions. This prediction of the PAT performance is illustrated is Figure 5.2, where
the characteristic curves are obtained, by computing the evaluation of the surrogate
function for a target value of unit speciﬁc speed nq inside a valid interval of nED .
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Figure 5.1 – Flow chart diagram for modelling the PAT variable speed hill chart performance
depending on the design stage of the power plant.
minimum maximum
Figure 5.2 – Illustration of the PAT performance prediction methodology for the case of a pump
with nPq = 50 using the hydraulic surrogate function for the experimental data collected in
Chapter 2.
The surrogate functions identiﬁed in Chapter 4 allow predicting: (i) the turbine mode
characteristic curves; and (ii) the extended operation in the generating mode charac-
teristic curves. Both modes of operation are predicted using the same methodology.
However, the surrogate functions used to estimate a given PAT performance are dif-
ferent for the turbine mode and for the extended operation in the generating mode.
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Then, the characteristic curves obtained from empirical surrogate functions are used
to model the variable speed hill chart of the PAT. During the ﬁnal design stage, the
modelling of the variable speed hill chart is carried out with accurate data of the PAT
characteristic curves. These data are obtained either from the PATmanufacturers or by
testing the PAT in laboratory conditions. Thus, the prediction of the PAT performance
stage is ignored.
The guidelines for using the empirical surrogate functions to predict the PAT charac-
teristic curves in the turbine mode and in the extended operation are presented in
Section 5.2.1; and the guidelines for modelling the variable speed hill chart perfor-
mance are presented in Section 5.2.2.
5.2 Guidelines
5.2.1 Performance prediction
The prediction of the turbine mode performance aims at obtaining the characteristic
curves given by the variation of the speciﬁc hydraulic energy E , the torque T , the
power P and the efﬁciency ηT, with respect to the discharge Q. The characteristic
curves are retrieved for several constant values of the impeller rotational speed N
aiming at modelling, in a further stage, the variable speed hill chart of the PAT. The
prediction of the extended operation in the generating mode aims at estimating the
variation of IEC discharge factor QED and the IEC torque factor TED with respect to
the IEC speed factor nED .
The prediction of both the turbine mode and the extended operation are based on the
hydraulic and mechanical surrogate functions identiﬁed in Chapter 4. The prediction
of the turbine mode can be performed either based on data collected during this
thesis (see Chapter 2) or using literature data [98] (referred herein as experimental
data and literature data for nomenclature simplicity). The prediction of the extended
operation is performed only based on the experimental data collected. The values
for the parameters used to build and compute the identiﬁed surrogate functions are
provided in Section 5.3.
The input data from the user for predicting the PAT performance with respect to the
PAT of interest for which the performance is to be estimated: (i) the rated values in the
pump mode, namely the impeller rotational speed NPR, discharge Q
P
R, head H
P
R: and
(ii) the impeller diameter D .
The input data for modelling the surrogate functions identiﬁed in Chapter 4 are: (i) the
hydraulic and mechanical surrogate functions required for the type of prediction,
which are provided in Table 5.1; (ii) the coefﬁcients a, b, c, μ1 and μ2, which are
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provided in Table 5.2; the truncated basis for each surrogate function, which are
provided in Table 5.3; and (iv) the weighting coefﬁcients λk , which are given in Table
5.4.
The application of the prediction methodology for determining the performance of a
given PAT of interest is given by the following steps. These steps are summarised in
the ﬂow chart of Figure 5.3.
Step 1: Choose the surrogate functions based on the type of operating mode for the
prediction and the data set used according to the items below. See Table 5.1 for the
details of the surrogate functions.
For the prediction of the turbine mode performance using the experimental data of
Chapter 2 use data referent to the f TQED and f
T
PED for the hydraulic and the mechanical
characteristic curves, respectively.
For the prediction of the turbine mode performance using the literature data [98] use
data referent to the f TQED ,B and f
T
PED ,B for the hydraulic and the mechanical character-
istic curves, respectively.
For the prediction of the extended operation in the generating mode performance
using the experimental data of Chapter 2: use data referent to the f EOQED and f
EO
TED for
the hydraulic and the mechanical characteristic curves, respectively.
Step 2: Compute the unit speciﬁc speed in the pumping mode nPq of the pump using
Equation 5.1.
nPq =NPR
QPR
1
2
HPR
3
4
(5.1)
Step 3: Create the input data vector x = (x1,x2). The input data vector is required for
computing the hydraulic and mechanical characteristic curves from the surrogate
functions.
x1 is an array evenly sampled from theminimumand themaximum nED values, which
can be retrieved from Figures 5.5, 5.6 and 5.7, depending on the surrogate function
used. An illustration of the identiﬁcation of the minimum and maximum nED values
is presented in Figure 5.2 for the hydraulic surrogate function of the experimental data
f TQED . The number of samples of the array is chosen by the user (e.g., 100 points). x2
is an array with constant values computed by Equation 5.1 and with the same number
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of samples as x1. x1 and x2 are, thus, deﬁned by Equation 5.2.
x1 =
[(1)nEDmin (2)nED . . . (Ns)nEDmax]T
x2 =
[
(1)nPq
(2)nPq . . .
(Ns)nPq
]T (5.2)
where the superscript (k) ∈N refer to the number of the sample and Ns ∈N is the total
number of samples. N is the set of natural numbers.
Step 4: Compute the standardised data vector X = (X1,X2) using the standardisation
function g (x) deﬁned below. The original input data needs to be standardised so that
the modelling using the Hermite polynomial chaos expansion is valid (see Page 85 for
technical details).
g :
∣∣∣∣∣∣∣
R2 −→ R2
x −→ X =
(
a 0
b c
)
· (x −μ) (5.3)
where a, b, c and μ= (μ1,μ2) are the coefﬁcients of the standardisation function g (x),
which are indicated in Table 5.2 for all surrogate functions available.
Step 5: Generate the Hermite polynomials family Hep for the p indexes of the trun-
cated basisΨ of the hydraulic characteristic curve using the Equations 5.4, 5.5 and 5.6.
The truncated basisΨ of the identiﬁed surrogate functions for the prediction of the
PAT performance are given in Table 5.3. Also, take into account the transformation of
index given by Equation 5.7 for changing between indexes n,m to index p.
⎧⎪⎪⎨
⎪⎪⎩
Hen+1,1 = an ·X1 ·Hen,1+cn ·Hen−1,1
Hen+1,m =Hem−1,m ·Hen−m+2,1
Hen+1,n+2 = an ·X2 ·Hen,n+1+cn ·Hen−1,n
(5.4)
⎧⎪⎪⎨
⎪⎪⎩
He0,1 = 1
He1,1 = X1
He1,2 = X2
(5.5)
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⎧⎪⎪⎨
⎪⎪⎩
an =
√
1
n+1
cn =−
√
n
n+1
(5.6)
p = n(n+1)
2
+m−1 (5.7)
where indexes n,m ∈Nwith m ∈ [[2,n+1]] are indexes for the deﬁnition of the Hermite
polynomials corresponding to the bivariate notation, p ∈N is the univariate index
used for simplicity of notation, where an and cn are coefﬁcients computed for each
polynomial, which depend on the index n.
Step 6: Build the general form of the hydraulic surrogate function f with respect to
X = (X1,X2) using Equation 5.8.
f = ∑
k∈Ψ
λk ·Hek(g (x)) (5.8)
where λk are the weighting coefﬁcients found for the identiﬁed surrogate functions
that are indicated in Table 5.4.
Step 7: Build the matrix of the Hermite polynomials He(X ) evaluated for every value
X as in Equation 5.9.
He(X )=
⎡
⎢⎢⎢⎢⎣
He0
(
(1)X
)
He1
(
(1)X
) · · · Hepmax ((1)X )
He0
(
(2)X
)
He1
(
(2)X
) · · · Hepmax ((2)X )
...
...
. . .
...
He0
(
(Ns)X
)
He1
(
(Ns)X
) · · · Hepmax ((Ns)X )
⎤
⎥⎥⎥⎥⎦ (5.9)
Step 8: Compute the values of QED by evaluating the hydraulic surrogate function
using the Equation 5.10. The hydraulic characteristic curve is deﬁned by the variation
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of the IEC discharge factor QED with respect to the IEC speed factor nED .
⎡
⎢⎢⎢⎢⎣
(1)QED
(2)QED
...
(Ns)QED
⎤
⎥⎥⎥⎥⎦=
⎡
⎢⎢⎢⎢⎣
He0
(
(1)X
)
He1
(
(1)X
) · · · Hepmax ((1)X )
He0
(
(2)X
)
He1
(
(2)X
) · · · Hepmax ((2)X )
...
...
. . .
...
He0
(
(Ns)X
)
He1
(
(Ns)X
) · · · Hepmax ((Ns)X )
⎤
⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎢⎣
λ0
λ1
...
λpmax
⎤
⎥⎥⎥⎥⎦ (5.10)
Step 9: Repeat Steps 5, 6, 7 and 8 for predicting the mechanical characteristic curve.
Note that if predicting the turbine mode, the mechanical characteristic curve obtained
is given by the variation of the IEC power factor PED with respect to the IEC speed
factor nED , while if predicting the extended operation, the obtained mechanical
characteristic curve is given by variation of the IEC discharge factor TED with respect
to the IEC speed factor nED
Step 10 - Only for Turbine mode: Compute the parameters E , Q, T , P and ηT, for
each constant value of N of interest using the Equation 5.11. These parameters will
serve as the basis for modelling the variable speed hill chart performance of the PAT,
where the guidelines for obtaining this hill chart are provided in the following Section
5.2.2.
n = N
60
E = n
2D2
n2ED
Q = nD3QED
nED
P = PED ρD2
√
E3
T = P
2π n
ηT = PED
QED
(5.11)
where ρ is the water density, which depends on the water temperature and pressure.
A table with the variation of ρ with respect to the water temperature and pressure is
provided in [99].
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Figure 5.3 – Flow chart diagram for predicting the PAT characteristic curves. If predicting the
extended operation, the computed value for the mechanical characteristic curve in Step 8
corresponds to TED and Step 10 is not performed.
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5.2.2 Hill chart modelling
The modelling of the variable speed hill chart aims at determining the surrogate
functions that better describe the variables of interest of the speciﬁc hydraulic energy
E and the efﬁciency ηT, with respect to the input dependent variables of the rotational
speed N and the discharge Q. Other variables of interest can be modelled such
as the shaft torque T and the shaft power P . The modelling of the variable speed
performance hill chart consists of the identiﬁcation of the most suitable truncated
basis, followed by the computation of the ﬁnal surrogate functions. This procedure is
similar to the one used for identifying the surrogate functions discussed in Chapter 4,
though presented with higher detail.
The input data for modelling the variable speed hill chart performance are given below.
Note that this data can be estimated using the guidelines described in the previous
Section 5.2.1, for the preliminary design stages, or by using accurate data acquired in
laboratory conditions or supplied by PAT manufacturers.
• Array with the sampled data of N such that x1 =
[
(1)N (2)N . . . (Ns)N
]T
. This
array should contain the data for all values of interest of N (e.g., 1′500 min−1,
1′800 min−1, 2′100 min−1, 2′400 min−1, 2′700 min−1, 3′000 min−1.
• Array with the sampled data of Q such that x2 =
[
(1)Q (2)Q . . . (Ns)Q
]T
.
• Arrays with the sampled data for each independent variable of interest y such
that y = [(1)y (2)y . . . (Ns)y]T.
The methodology for modelling the variable speed hill chart performance of a given
PAT is provided by the following steps. The summary of the following steps is provided
in Figure 5.4.
Step 1: Compute the average values of the dependent variables μ and the coefﬁcients
a, b and c of the standardisation function g (x) using Equations 5.12, 5.13 and 5.14.
μ= 1
N
N∑
j=1
( j )x (5.12)
a =
√√√√ 1
1
N−1
∑N
j=1
(
( j )x1−μ1
)2 (5.13)
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⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
1
N −1
N∑
j=1
[
b
(
( j )x1−μ1
)
+c
(
( j )x2−μ2
)]2 = 1
N∑
j=1
(
( j )X1 ·
[
b
(
( j )x1−μ1
)
+c
(
( j )x2−μ2
)])
= 0
(5.14)
Step 2: Compute the standardised input data X = (X1,X2) using Equation 5.3.
For each variable of interest y repeat the following steps:
Step 3: Evaluate the adjustment of several candidate models deﬁned by the truncated
basisΨ= {0,1, . . . ,pmax} by repeating Steps 3.1 to 3.6 for each candidate model. It is
suggested to start with pmax = 2 to account all Hermite polynomials in the boundary
condition (see Equation 5.5) up to pmax = 60. The identiﬁed surrogate functions found
in Chapter 4, featured a maximum value of pmax = 35. So, the limit of pmax = 60 should
be acceptable for the surrogate functions discussed in this work.
Step 3.1: Generate the Hermite polynomials Hep which belong to the candidate
truncated basisΨ Equations 5.4, 5.5, 5.6 and 5.7.
Step 3.2: Build the matrix He(X ) using Equation 5.9.
Step 3.3: Compute the weighting coefﬁcientλ by using the least-square solution given
by Equation 5.15.
λ= [λ0 λ1 · · · λpmax]T = (He(X )THe(X ))−1He(X )Ty (5.15)
where the subscript indicates the index p ∈N. The λ are the weighting coefﬁcients
that minimise the mean-squared error 1/Ns
∑Ns
i=1
(
y − y∗)2.
Step 3.4: Deﬁne the general form of the surrogate function fy using Equation 5.8.
Step 3.5: Compute the evaluation of the surrogate function y∗ by using Equation 5.16.
⎡
⎢⎢⎢⎢⎣
(1)y∗
(2)y∗
...
(Ns)y∗
⎤
⎥⎥⎥⎥⎦=
⎡
⎢⎢⎢⎢⎣
He0
(
(1)X
)
He1
(
(1)X
) · · · Hepmax ((1)X )
He0
(
(2)X
)
He1
(
(2)X
) · · · Hepmax ((2)X )
...
...
. . .
...
He0
(
(Ns)X
)
He1
(
(Ns)X
) · · · Hepmax ((Ns)X )
⎤
⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎢⎣
λ0
λ1
...
λpmax
⎤
⎥⎥⎥⎥⎦ (5.16)
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Step 3.6: Compute the evaluation metrics corresponding to the maximum absolute
error (Max AE), the mean absolute error (Mean AE), the standard deviation of the error
σe , the determination coefﬁcient R2 and the corrected Akaike Information Criterion
(AIC) using the Equations 5.17 to 5.22. The comparison of the values of these metrics
allows comparing the suitability of the different candidate models.
Max AE(y, y∗)=max(yi − y∗i ), (5.17)
Mean.AE(y, y∗)= 1
Ns
Ns∑
i=1
|yi − y∗i | (5.18)
σe(y, y
∗)=
√√√√ 1
Ns
Ns∑
i=1
(
yi − y∗i
)2 (5.19)
R2(y, y∗)= 1−
∑Ns
i=1(yi − y∗i )2∑Ns
i=1(yi − y¯)2
(5.20)
AIC(y, y∗)=Ns
(
log σe
2)+2pmax (5.21)
AICc(y, y
∗)=AIC+ 2pmax
(
pmax+1
)
Ns−pmax−1
(5.22)
Step 4: Compute the scaled AIC criteria AICc,s using the following equation:
AICc,s =AICc−AICc,min (5.23)
where AICc,min is the minimum value obtained for the metric AICc. Since the absolute
value of the AICc depends on the data samples, the values are scaled to a minimum of
0 for relative comparison between the candidate models.
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Step 5: Select the most appropriate truncated basis by plotting the variation of the
evaluation metrics with respect to pmax. The most appropriate basis should be found
for a pmax value near the minimum value of AICc,s. If overﬁtting occurs, select a
truncated basis deﬁned by a lower pmax value, by making a trade-off between the
maximum and mean absolute errors and the non-occurrence of overﬁtting. Store the
identiﬁed surrogate function fy determined in Step 3.4. Save the values found for a, b,
c and μ for rebuilding the identiﬁed surrogate function for the variable of interest y .
Step 6: Reﬁne the domain of the dependent variables by creating a mesh-grid from
the new input data vector such that xnew = (x1,new,x2,new), where x1,new and x2,new are
deﬁned below.
x1,new =
[(1)N (2)N · · · (Ns)N]T
x2,new =
[(1)Q (2)Q · · · (Ns)Q]T (5.24)
where (1)N and (1)Q are the minimum values of the original dependent variable sam-
ples of N and Q; and (Ns)N and (Ns)Q are the maximum values of the original depen-
dent variable samples of N and Q, respectively. Note that the new size of x ∈RNs×Ns.
Consider, for instance Ns = 500.
Step 7: Compute the new standardised data vector Xnew = (X1,new,X2,new) the stan-
dardisation function g (xnew) Equation 5.3. Use the coefﬁcientsμ, a, b and c computed
in Step 1.
Step8: Build thematrixHe(Xnew) using Equation 5.9 for the newdomain of dependent
variables.
Step 9: Compute the evaluation of the surrogate function for the new domain of
dependent variables xnew using the Equation 5.16. This new vector y∗new corresponds
to the evaluation of the identiﬁed surrogate function that better represents the original
data of the variable of interest y .
Step 10: Plot the variable speed hill chart performance of y∗ with respect to the
dependent variables N and Q.
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Figure 5.4 – Flow chart diagram for modelling the variable speed hill chart performance of the
PAT. This ﬂow chart is valid for one variable of interest y. Repeat the ﬂow chart if more than
one variable of interest is to be modelled.
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5.3 Surrogate functions parameters
This Section provides the values of the parameters for modelling the surrogate func-
tions used in Section 5.2.1. The available surrogate functions, which correspond to
the identiﬁed surrogate functions in Chapter 4 are presented in Table 5.1. Note that
the turbine mode can be computed based on the data of the PATs tested during this
thesis work (see Chapter 2) or based on data published in literature [98].
Table 5.1 – Surrogate functions identiﬁed for the prediction PAT performance. The experimen-
tal data can be found in Chapter 2 and the literature data in [98].
Operating Characteristic Surrogate Dataset Operating Variable
mode curve function domain of interest
Turbine f TQED hydraulic Exp. data x = (nED ,nq) y =QED
mode f TPED mechanical Exp. data x = (nED ,nq) y = PED
Turbine f TQED,B hydraulic Lit. data x = (nED ,nq) y =QED
mode f TPED,B mechanical Lit. data x = (nED ,nq) y = PED
Extended f EOQED hydraulic Exp. data x = (nED ,nq) y =QED
operation f EOTED mechanical Ex. data x = (nED ,nq) y = TED
The values of the coefﬁcients a, b, c, μ1 and μ2 of the standardisation function g (x)
corresponding the datasets used to deﬁne the surrogate functions are given in Ta-
ble 5.2.
Table 5.2 – Values of the coefﬁcient a, b and c and the average values μ1 and μ2 for the
deﬁnition of the standardisation function g (x).
index p f TQED f
T
PED f
T
QED ,B f
T
PED ,B f
EO
QED f
EO
TED
a 13.737585 13.737585 12.627483 12.627483 9.685223 9.685223
b -6.407309 -6.407309 -12.815770 -12.815770 2.427048 2.427048
c 0.058099 0.058099 0.079298 0.079298 0.058308 0.058308
μ1 0.444116 0.444116 0.390415 0.390415 0.570777 0.570777
μ2 47.923611 47.923611 29.851115 29.851115 39.628333 39.628333
The truncated basis and the corresponding λk values found that deﬁne the identiﬁed
surrogate functions are given in Tables 5.3 and 5.4, respectively. The contour view of
the hydraulic and mechanical surrogate functions identiﬁed are given in Figures 5.5,
5.6 and 5.7, respectively for the turbine mode using the experimental data collected,
the turbine mode for the literature data and the extended operation in the generating
mode using the experimental data collected.
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Table 5.3 – Values of the index pmax and the corresponding truncated basisΨ.
Surrogate function pmax Truncated basisΨ
f TQED 23 {0,1, . . . ,22,23}
f TPED 17 {0,1, . . . ,16,17}
f TQED,B 18 {0,1, . . . ,17,18}
f TPED,B 18 {0,1, . . . ,17,18}
f EOQED 32 {0,1, . . . ,31,32}
f EOPED 19 {0,1, . . . ,18,19}
(a)
(b)
Figure 5.5 – Contour view of the identiﬁed surrogate functions for the propagation of the
hydraulic and mechanical characteristic curves referent to the turbine mode using the experi-
mental data collected (see Chapter 2). (a) f TQED ; (b) f
T
PED .
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Table 5.4 – Values of theweighting coefﬁcientsλ for the computation of the surrogate functions
deﬁned in Table 5.1.
λk ×102 f TQED f TPED f TQED,B f TPED,B f EOQED f EOPED
λ0 8.026348 4.222391 5.358148 3.633139 2.755743 -1.258733
λ1 0.075937 -1.629177 1.981003 0.823728 -2.139060 -2.385415
λ2 3.215638 2.456607 2.615821 1.915424 2.321880 -0.209275
λ3 -1.274995 -2.064414 0.956514 0.389293 -0.741688 -0.713907
λ4 -0.840851 -0.003428 1.907796 1.838324 -1.531595 -1.164728
λ5 -0.976707 -0.371670 1.313797 1.215356 0.388980 0.230062
λ6 -1.080323 -1.756434 -0.426506 -0.367891 0.604251 0.205592
λ7 -0.398440 -1.048006 -0.473767 -0.158689 -0.663631 -0.545424
λ8 -1.002425 -0.222277 -0.666379 -0.491557 -0.086770 0.220850
λ9 -1.701051 -0.748802 -0.403609 -0.459888 -0.440266 0.073293
λ10 -0.573811 -0.693389 0.443152 0.455655 0.114449 0.234402
λ11 -0.403443 0.015823 0.890994 1.047941 0.321130 -0.091214
λ12 0.544880 0.544867 0.915919 1.076401 0.063767 0.386616
λ13 -0.770350 0.099392 0.787887 0.715741 0.261330 0.269957
λ14 -1.059076 -1.386887 0.357276 0.286360 -0.270550 0.265738
λ15 -0.429896 -0.544406 0.018941 0.312602 -0.070378 0.026934
λ16 0.213200 -0.466817 0.089323 0.387014 0.219109 0.271824
λ17 1.004561 -0.029509 0.093540 0.185153 0.104989 0.441821
λ18 0.553509 0.101283 0.049950 0.294024 0.219406
λ19 0.124498 0.014993 0.335520
λ20 0.622978 -0.518972
λ21 -0.066880 -0.150569
λ22 -0.256445 -0.166590
λ23 0.405462 -0.299231
λ24 0.446124
λ25 0.044401
λ26 0.273745
λ27 -0.494365
λ28 0.136691
λ29 -0.548858
λ30 -0.454044
λ31 0.197474
λ32 -0.092182
120
5.3. Surrogate functions parameters
(a)
(b)
Figure 5.6 – Contour view of the identiﬁed surrogate functions for the propagation of the hy-
draulic and mechanical characteristic curves referent to the turbine mode using the literature
data [98]. (a) f TQED ,B; and (b) f
T
PED ,B.
121
Chapter 5. Guidelines for modelling the PAT performance
Figure 5.7 – Contour view of the identiﬁed surrogate functions for the propagation of the
hydraulic and mechanical characteristic curves referent to the extended operation using the
experimental data collected (see Chapter 2). (a) f EOQED ; (b) f
EO
TED .
122
6 Conclusion and outlook
6.1 Conclusion
The present research work focuses on the variable speed operation of single-stage
centrifugal pumps running as turbines. The rotational speed control allows improving
the operating efﬁciency of PAT micro hydropower plants installed in water supply
systems for simultaneously controlling the pressure while recovering the excessive
energy. Firstly, an extensive experimental investigation is carried out for: (i) measuring
the stationary characteristic curves of the turbine mode and of the extended operation
in the generating mode; and (ii) analysing the pressure ﬂuctuations developed during
the off-design operation. Secondly, a new methodology based on the Hermite polyno-
mial chaos expansion (PCE) is proposed for predicting the PAT characteristic curves
in both the turbine mode and in the extended operation in the generating mode. The
PCE is also, afterwards, used for modelling the variable speed efﬁciency hill chart of a
PAT.
In Chapter 2, the collected experimental data of the stationary performance of three
PATs with different unit speciﬁc speed values are reported. The variable speed op-
eration has proven to be a suitable solution for controlling the discharge at the PAT
inlet and, thus, maximising the efﬁciency when operating under variable discharge
conditions. Also, the variable speed operation allows increasing the operating head-
discharge range of the PAT, providing higher ﬂexibility to the power plant operation.
This increase is a major advantage if the power plant is simultaneously used to dy-
namically control the pressure for minimising water leakage volumes in the WSS.
For each PAT, the maximum efﬁciency is achieved for a constant value of the IEC
discharge factor QED , independently of the rotational speed N value. Such feature
is useful for establishing the rotational speed set-point, which maximises the PAT
efﬁciency depending on the real-time head and discharge values at the power plant
inlet. The characteristic curves of the tested PATs in the extended operation in the
generating mode do not have the unstable feature characterised by ∂QED/∂nED ≥ 0,
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which is frequently observed in Francis reversible pump-turbines. The non-existence
of this unstable feature is especially relevant for the stability of the start-up and the
shut-down operations of the PAT power plant.
In Chapter 3, the pressure ﬂuctuations developed during the off-design operation
are investigated. A cavitation vortex rope with a precessing motion develops during
the part load operation if the stationary pressure in the PAT draft tube is too small.
Consequently, signiﬁcant pressure ﬂuctuations are measured at both sides of the PAT.
These pressure ﬂuctuations, which are of synchronous nature, may propagate through
the entire hydraulic system. The main frequency of the pressure ﬂuctuations corre-
sponds to the hydraulic system eigenfrequency value, which is strongly dependent
on the amount of vapour generated by the cavitation ﬂow. The major amplitudes of
pressure ﬂuctuations should be found if resonance occurs, that is when the precession
frequency of the cavitation vortex rope matches the eigenfrequency of the hydraulic
system. Further investigation is required about the resonance occurrence at part load
conditions. The amplitude of the pressure ﬂuctuations is hardly affected by the value
of the back-pressure of the PAT. During the full load operation, despite no cavitation
vortex rope is observed, strong pressure ﬂuctuations are measured at both sides of the
PAT. Both the amplitude and the frequency are signiﬁcantly affected by the value of
the back-pressure. Collected data do not allow drawing clear conclusions about the
physical mechanisms underlying these pressure ﬂuctuations in the full load opera-
tion and further research is required. Obtained results for the pressure ﬂuctuations
together with the unsteady radial force acting of the PAT impeller reported in the
literature (e.g., [87]) suggest that the PAT full load operation should be avoided.
In Chapter 4, a new methodology is proposed for predicting the PAT performance
and for modelling the variable speed performance hill chart of a PAT. The prediction
methodology is based on the Hermite polynomials chaos expansion (PCE), which is
used to deﬁne surrogate functions for propagating the known hydraulic and mechani-
cal characteristic curves. The methodology is validated using data from a different
pump manufacturer published in literature [98], has been proven effective for propa-
gating the characteristic curves in the turbine mode. The surrogate functions should
be deﬁned separately for each pump manufacturer, aiming to minimise the prediction
error. Pump manufacturers may use different designs and materials for the pump
components, which may lead to different characteristic curves in the turbine mode.
The PCE methodology has been found effective for propagating the characteristic
curves in the extended operation in the generating mode. The ﬁtting errors of the
surrogate functions for the extended operation are higher compared to the results
obtained for the turbine mode performance, which are related with the higher com-
plexity of the interpolation and the reduced available data. Nevertheless, the obtained
results from this methodology are expected to be closer to the real performance of a
given PAT of interest, compared to using the data available for the PAT with the closest
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value of unit speciﬁc speed. The same PCE methodology has been proven effective
for modelling the functional form of the variable speed performance hill chart of a
PAT. The main advantage of using the PCE approach is the description of the PAT
performance using surrogate equations composed of the sum of polynomial terms.
The computation of the derivatives of such equations is straightforward, which is a
major advantage for the optimisation of the performance of a PAT micro hydropower
plant.
Finally, in Chapter 5, practical guidelines are proposed for using the methodology for
predicting the PAT performance and for modelling the variable speed performance
hill chart of a PAT. These guidelines provide assistance to engineers for designing
PAT micro hydropower plants. The methodology for predicting the PAT performance
should only be used in the preliminary stages of design. The ﬁnal design should be
performed using reliable PAT performance data. These data should be provided by
PAT manufacturers, if available, or collected under controlled laboratory conditions.
The research motivation of this thesis work is the experimental investigation and the
modelling of the variable speed operation of pumps running as turbines aiming at
determining if this operating strategy is suitable for maximising the energy recovered
by PAT power plants under the variable discharge conditions of water supply systems
(see Section 1.3 on page 15). In light of the achieved results, the variable speed
operation has been proven effective for both increasing the energy recovered, but
also for avoiding the operation in off-design conditions. The rotational speed control
provides, thus, a greater ﬂexibility to the operation of a PAT power plant under the
variable discharge conditions of WSS. The new developed empirical model allows
estimating the hydraulic and themechanical characteristic curves of PATs if the precise
data is not made available by PAT manufacturers. Finally, the modelling of the variable
speed hill chart performance allows deﬁning the power plant layout and the optimal
control settings for optimising the operation of the power plant aiming at effectively
controlling the pressure in the water supply systems while maximising the recovered
energy.
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6.2 Outlook
This research work focuses on the investigation of the variable speed operation of
pumps running as turbines in subjects related to the stationary performance, the
operation instabilities caused by the off-design operation and the performance mod-
elling, being the main scientiﬁc contributions described in the previous section. This
research has highlighted new challenges that require further investigation. Also, the
combination of the main scientiﬁc contributions opens new possibilities for advanc-
ing the state-of-the-art research about pumps running as turbines and energy recovery
in water supply systems.
The collection of additional experimental data for different PATs from the same type
and manufacturer regarding the extended operation in the generating mode is of the
utmost importance, as collected data are only available for three PATs. New data allow
improving the surrogate functions for predicting the extended operation performance.
Additional data are expected to improve the adjustment of the surrogate function.
For other types of pumps, new datasets should be collected and used independently
for developing new surrogate functions aiming at deﬁning new surrogate functions
suitable for that type of PATs.
The experimental evidence of the pressure ﬂuctuations provided new insights regard-
ing the PAT operation far from the BEP. The ﬂow visualisation of the cavitation vortex
rope in the PAT draft tube, the pressure ﬂuctuation measurements and the results
published in the literature make evidence that the PAT experiences an unsteady load
when operating in off-design conditions. The synchronous pressure ﬂuctuations prop-
agate to the WSS pipes, reducing the performance of the system in terms of pressure
but also may create fatigue in the pipes and ﬁttings, which may lead to increased
water leakage volume and pipe ruptures. Moreover, this additional load may reduce
the service life of the machine. In light of these facts, the impacts of the unsteady
load in the PAT and in the WSS pipes and ﬁttings should be investigated. The same
procedure described in Chapter 3 may be replicated for PATs with different unit spe-
ciﬁc speed values, aiming at identifying if there is a correlation between the PAT unit
speciﬁc speed value and the relative discharge values where the pressure ﬂuctuations
occur. If so, the Hermite PCE methodology can be used to propagate the operating
conditions where the pressure ﬂuctuations occur between the values of unit speciﬁc
speed tested. Despite being a far-fetched objective, such information would be of the
utmost importance for designing the control speciﬁcations of PAT power plants.
The next step to this thesis is the integration of the knowledge acquired during this
research for developing an optimisation model. The optimisation model would be
used to establish the layout of the power plant (i.e., the layout, size and arrangement
of the PATs) and the control settings of the different components. The variable speed
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hill chart based on the PCE is used to provide a model of the performance of each PAT
installed in the power plant. The discharge could be controlled by both a combination
of several machines running in parallel, installed in a bypass to the main pipe of
the WSS and, by controlling the rotational speed of each PAT and the opening of the
bypass ﬂow control valve. The combination of both a hydraulic and an electric control
will guarantee higher ﬂexibility in the PAT power plant operation. The optimisation
should aim at maximising the energy recovered, avoiding the operation in off-design
conditions of each machine and guaranteeing the minimum service pressure at down-
stream the power plant required for the adequate water supply to the consumers and
for mitigating the damage caused by operating the operating instabilities caused by
the PAT operation far from the best operating point.
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